
 

1 

 

 THERMAL CONDUCTIVITY OF CARBON NANOTUBES AND 

ASSEMBLIES 

Pengyingkai Wang 1, Rong Xiang 1, Shigeo Maruyama 1,2 

1Department of Mechanical Engineering, the University of Tokyo, 7-3-1 Hongo, Bunkyo Tokyo 113-

8656, Japan;  

2 Energy Nano Engineering Lab., AIST, 1-2-1 Namiki, Tsukuba, Ibaraki 305-8564, Japan 

 I. INTRODUCTION 

The history of carbon nanotube can be traced back to 1879 when Thomas A. Edison used it as filament 

in electric heated light bulb. Carbon fibers are macroscale analog of carbon nanotubes. The research 

work proceeded slowly but steadily over the following years and in 1890, vapor grown  carbon 

filaments was established, which is a far-reaching synthesizing method. Driven by the need for strong, 

stiff and light weight materials in 1950’s, preparation for filamentary carbon materials has received 

intense study and similar methods spread to materials like Si and iron. To further improve the purity of 

filaments, synthesized carbon fiber with catalytic chemical vapor deposition (CVD) was achieved during 

the 1960’s and early 1970’s [1]. Vapor grown carbon fibers have smaller diameters and CVD method is 

further optimized with greater control. However, the real breakthrough was done by Sumio Ijima [2] in 

1991, he synthesized the first hollow carbon nanotube (CNT) by soot of arc discharge. In 1993 he 

synthesized a single-shelled carbon nanotube with diameter of 1 nm [3]. Since then, this theoretical 1-D 

material has sped up the research in related scientific branches. Owing to its marvelous electrical, 

thermal, and optical properties, CNT has been intensively studied [4, 5] and also has aroused related 

commercial activities. Various new tube structures are displayed in Figure 1. 
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Figure 1-1 Carbon nanotube related 1-D carbon materials that have been extensively studied during 

the recent years. 

The microelectronic industry has enabled devices with smaller volume but faster operating speeds 

Materials with outstanding electrical and thermal performance have become important in application 

Among the vast candidates, carbon nanotube is one remarkable option. Carbon nanotube film is one of 

potential candidate for solar cells as transparent conductive film [6-8]. It is stable, flexibile and harmless. 

Thermal property is another advantage of carbon nanotube. Savas et al. [9] has suggested unusual high 

thermal conductivity of an isolated (10, 10) carbon nanotube to be around 6600 W/mK at room 

temperature. Despite the fact that carbon nanotubes have these attractive properties, the understanding 

of energy transport in this material is necessary. In macroscale energy heat transfer, the state of a system 

can be described comprehensively by a phase point and the motion of the system can be predicted by 

Hamilton's equations. In contrast to macroscale, carbon nanotube has a one dimensional crystal structure, 

the energy carriers should be taken into consideration. But microscale objects obviously have some 

similarities with macroscale systems Macroscale models need some modifications to allow them to be 

applied to microscale situations. The first way is to modify classical methods like Fourier’s law and 

Newton’s law to make them fit micro systems. After that, Liouville and Boltzmann equations are adopted 

as a more universal description of a nonequilibrium state. At the same time, near-equilibrium equations 

(Landauer equation) can be used to simplify the mechanism in heat transfer. Another very powerful 

approach is molecular dynamic (MD) simulations, which are becoming more accurate thanks to the fast 

improvement of computing technology.  

Several excellent review papers have summarized the benchmarks of carbon nanotubes and closely 

related graphene mechanical, electrical, and thermal properties [10-13]. In this work, we will discuss 

basic methods towards attaining thermal properties of carbon nanotubes and recent progress on carbon 

nanotube composites. This review paper will start by quickly going through some basic solid state 

physics concepts such as electrons, lattice vibrations, phonons and heat capacity. With this background 

knowledge, a basic review of theoretical and basic experimental methods will be discussed. Recent 

progress and key finding will be addressed in detail. Next we will talk about bundles and contacts, which 

are not widely discussed in the existing literature. Finally, promising thermal management using carbon 

nanotube components will be presented. 
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Ⅱ. MICROSCOPIC VIEW OF CARBON NANOTUBES 

A. STRUCTURE OF SINGLE-WALLED CARBON NANOTUBE 

1. Geometry structure 

To understand the structure of carbon nanotubes, it is easy to think of a sheet of graphene rolled up 

into a seamless cylinder and adding two terminations to the ends. The terminations, which is a 

hemisphere of a fullerene, fits perfectly to the long cylindrical nanotube. The rolling up a carbon 

nanotube is described by a rolling vector or chirality vector Ch, which divides carbon nanotubes into 

three groups: zigzag, armchair and chiral, shown in Figure 2-1 [14]. The name of the structure originates 

from the shape of the cross section ring, shown at the edge of the carbon nanotube in the picture. Zigzag 

and armchair are symmetrical structures and the chiral nanotube, which is common and abundant, lacks  

this feature.  

 

Fig 2-1 Carbon nanotubes with different chirality. (5, 5) is featured by the red line shown at the end of the tube. 

(9, 0) is named by the zigzag structure at the tube end shown by read line. The other four chiral structures are 

popular carbon nanotubes and are widely studied.  

2. Chiral vector Ch 

A chiral vector is the only one parameter to define a carbon nanotube, shown as vector OA in Figure 

2-2, representing the lattice structure of graphene. The distance between two carbon atoms is 𝑎 ൌ

1.42 Å. Perpendicular to OA is OB, the direction of the axial called translational vector T. Moving OB 

along OA until point O and point A coincide defines the position of B as B’. If we cut OABB’ and roll it 

up to make O and A coincide and B and B’ coincide, a carbon nanotube will be formed. Setting unit 



 

4 

 

vectors of the lattice as a1 and a2, as shown in Figure 2-2, we can use a1 and a2 to express Ch: 

𝐶 ൌ 𝑛𝑎ଵ  𝑚𝑎ଶ ≡ ሺ𝑛, 𝑚ሻ， ൫𝑛，𝑚 ∈ integer, 0  |𝑚|  𝑛൯            (2-1) 

𝑎ଵ ൌ ቀ√ଷ

ଶ
 𝑎,

ଵ

ଶ
 𝑎ቁ , 𝑎ଶ ൌ ሺ√ଷ

ଶ
 𝑎, െ 

ଵ

ଶ
 𝑎ሻ                      (2-2) 

Now many properties can be deduced from the chiral vector (n, m). For zigzag structure carbon 

nanotubes, 𝑚 ൌ 0, and 𝐶 ൌ ሺ𝑛, 0ሻ. For armchair structures, 𝑚 ൌ 𝑛, and all other vectors correspond 

to chiral structure carbon nanotube. The diamtere of the carbon nanotube, 𝑑, is calculated through 𝐶: 

𝑑௧ ൌ


గ
, 𝐿 ൌ | 𝐶| ൌ ඥ𝐶 ∙ 𝐶 ൌ 𝑎√𝑛ଶ  𝑚ଶ  𝑚𝑛                (2-3) 

where 𝑎  is the lattice constant, |𝑎| ൌ |𝑎ଵ| ൌ |𝑎ଶ| ൌ 𝑎 ∙ √3 ൌ 1.42 ൈ √3 ൌ 2.46 Å  . For example, 

chiral vector OA is (4, 1) in Figure 2-2, so the diameter of this carbon nanotube is 𝑑௧ ൌ 3.59Å. 

The chiral angle 𝜃  is defined as the cross angle of 𝐶  and 𝑎ଵ , it defines the spiral symmetry of 

nanotube. With the hexagonal symmetry of honeycomb lattice taken into consideration, 0  |𝜃|  30°. 

 𝜃 can be calculated through the following equation: 

𝜃 ൌ arccos ቀ
∙భ

||∙|భ|
ቁ ൌ arccos ሺ

ଶା

ଶ√మାమା
ሻ                    (2-4) 

Zigzag structures have 𝜃 ൌ 0° and armchair structures to 𝜃 ൌ 30°. Chirality and nanotube diameter 

affect thermal property significantly, and will be discussed in detail in section 3.4. 

 

Fig 2-2 Lattice structure of graphene. OA, OB denotes the chiral vector and translational vector, respectively.  
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3. Translational vector 𝑇 

  Vector OB in Figure 2-2 is perpendicular to chiral vector 𝐶 and is defined as the translational vector. 

Similar to the chiral vector, a translational vector can be expressed in terms of unit vectors a1 and a2: 

T ൌ 𝑡ଵ𝑎ଵ  𝑡ଶ𝑎ଶ ≡ ሺ𝑡ଵ, 𝑡ଶሻ， （𝑡ଵ，𝑡ଶ ∈ integerሻ              (2-5) 

where  

𝑡ଵ ൌ
ଶା

ௗೃ
,   𝑡ଶ ൌ െ

ଶା

ௗೃ
                             (2-6) 

with 𝑑ோ  the greatest common divisor of ሺ2𝑚  𝑛ሻ  and ሺ2𝑛  𝑚 ). If we define 𝑑  as the largest 

common divisor of n and m,  

𝑑ோ ൌ ൜
d   𝑖𝑓 𝑛 െ 𝑚 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 3 d  
 3d         𝑖𝑓 𝑛 െ 𝑚 𝑖𝑠  𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 3 d                   (2-5) 

Therefore, the definition of different structure of carbon nanotube by diameter  𝑑௧  and height of T 

simplify to: 

Zigzag: |𝐶| ൌ 𝑛𝑎,   𝑇 ൌ √3𝑎,     𝜃 ൌ 0                      (2-6) 

Armchair: |𝐶| ൌ √3𝑛𝑎,   𝑇 ൌ 𝑎,     𝜃 ൌ 30°                    (2-7) 

The physical meaning of translational vector T is the unit length of the carbon nanotube along the axial 

direction. Now, the unit cell of the 1D carbon nanotube is rectangular OABB’ as shown in Figure 2-2 

can be defined by 𝐶 and T. The area of the nanotube unit cell is |𝐶 ൈ 𝑇| and the area of a single 

hexagon is |𝑎ଵ ൈ 𝑎ଶ|, thus the number of hexagonals in one unit cell of carbon nanotube N is calculated 

by: 

N ൌ
|ൈ்|

|భൈమ|
ൌ

ଶሺమାమାሻ

ௗೃ
 ൌ  

ଶమ

మௗೃ
                               (2-8) 

Since each hexagon contains two carbon atoms, the number of carbons Nc is Nc=2N for a nanotube with 

chirality 𝐶. 
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B. ELECTRONICAL PROPERTIES OF CARBON NANOTUBE 

1. Chemical bonding 

One significant way in which carbon materials different from other materials is that carbon atoms 

have many possible electron states by hybridization of atomic orbit. Each carbon atom has six electrons 

which occupy 1s2, 2s2, 2p2 atomic orbits. The first two electrons, also called core electrons, are bonded 

tightly with the core, while the other four electrons are bonded relatively weaker. The energy difference 

between 2s2 and 2p2 is smaller than the binding energy of chemical bonds, therefore their electronic wave 

function can mix with each other. In carbon, there are three possible hybridizations: sp, sp2, sp3. When 

the carbon atom uses one 2s2 electron orbit to mix with two 2p2 electron orbits, the result is three sp2 

orbits and one single 1p orbit. Two of these three sp2 orbits form two covalent bonds with two hydrogen 

atoms by s- sp2 orbit overlap, and the remaining one sp2 orbit overlaps with the sp2 of another carbon 

atom to form a σ bond. These three sp2 bonds are in the same plane with 120°angles. The remaining two 

2p electrons of the two carbon atom form a π bond. Thus there are two bonds between carbon atoms, 

one is a σ bond and one is a π bond. But a π bond is of lower energy so it is easily broken to mix with 

other atoms and form new molecules, for example: 

HଶC ൌ CHଶ   Clଶ →  Cl െ CHଶ െ CHଶ െ Cl                    (2-9) 

sp hybridization (like C2H2) and sp3 hybridization (like CH4) orbits can be explained in similar ways.  

2D-graphene has tightly packed carbon atoms with three sp2 orbits forming 3 σ bonds and one 2p orbit 

forming a π bond. As stated before, carbon nanotube can be treated as graphene rolled into a cylinder, 

they have the same chemical bonds. 

 

Figure 2-3. Unit cell and Brillouin zone of graphene in real space and in momentum space. Dotted line and shaded 
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part denote first Brillouin zone in real space and momentum space, respectively.  

2. Electrical properties of carbon nanotubes 

Another impressive characteristics of carbon nanotube is that the chirality decides electrical 

conductivity. To better understand this unique electronic property, we first look at the momentum space 

of graphene. Figure 2-3 shows the unit cell of graphene in real space (lattice) and in momentum space 

(reciprocal lattice). We use 𝑎ଵ  and 𝑎ଶ  as the unit vectors in the Cartesian x-y coordinate, with a 

representing the lattice constant of graphene. Correspondingly, in the 𝑘௫ െ 𝑘௬ coordinate in reciprocal 

space, the unit vectors are defined as 

𝑏ଵ ൌ ቀ
ଶగ

√ଷ
,

ଶగ


ቁ , 𝑏ଶ ൌ ሺ

ଶగ

√ଷ
, െ 

ଶగ


ሻ                         (2-10) 

The first Brillouin zone is selected as a gray hexagon as shown in Figure 2-3, and Γ, K and M denote 

three high symmetry points at the center, corner and the center of the edge, respectively. Similar to the 

basis vector in real space, (𝐶 and T), reciprocal space has basis vectors defined as K1 and K2 through 

following equations: 

𝐶 ∙ 𝐾ଵ ൌ 2𝜋;      𝑇 ∙ 𝐾ଵ ൌ 0                         (2-11) 

𝐶 ∙ 𝐾ଶ ൌ 0 ;     𝑇 ∙ 𝐾ଵ ൌ 2𝜋   

Therefore, K1 and K2 can be obtained as: 

𝐾ଵ ൌ
ଵ

ே
ሺെ𝑡ଶ ∙ 𝑏ଵ  𝑡ଵ ∙ 𝑏ଶሻ                         (2-12) 

𝐾ଶ ൌ
ଵ

ே
ሺ𝑚 ∙ 𝑏ଵ െ 𝑛 ∙ 𝑏ଶሻ                          (2-13) 

From the above equations, one can see the size of Brillion zone is inverse with unit cell size in real 

space. Thus the Brillion zone for SWNT is much smaller than that of graphene, and becomes a cutting 

line on the reciprocal lattice of graphene as shown in Figure 2-4(a). T and the N wave vectors μK1 

(μ=0,1,2…,N-1) , which are related to the quantized wave vectors from the periodic boundary conditions 

on Ch, lead to N electronic energy band (one π band and one π* band), and 6N branches of phonon 

dispersion relation, where N is given by equation (2-8). Along the axial direction, if the length of the 

carbon nanotube is infinite, there will be continuous wave vectors. However, for a finite length carbon 

nanotube, the distance between wave vectors is 2π/Lt, where Lt is the length of carbon nanotube. 
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Fig 2-4: (a) The first Brillion zone of a carbon nanotube (5, 5) is represented by line segments parallel to K2. 

Corresponding to Ch and T, K1 and K2 are reciprocal lattice vectors. (b) π band and  π* band for graphene of the first 

Brillouin zone. (c) The calculated constant energy contours for the conduction band and valence band for 2D graphene 

layer. The two bands touch in the K point. Solid curves are the cutting lines for (7, 5) carbon nanotube. (Figure 2-4 

(c) was originally plotted by Professor Yuhei Miyauchi at Kyoto University)  

As mentioned before, 2D graphite has a π energy band and it is very important in determining the 

solid state properties. The basis function for 2D graphite is provided by Bloch functions only considering 

the nearest-neighbor interaction [4], from which the energy dispersion relation of two-dimensional 

graphite containing a π band and a π* band can be deduced. The energy dispersion relation is given as: 

𝐸ଶ൫𝑘ሬ⃗ ൯ ൌ
ఌమേ௧ఠሺሬ⃗ ሻ

ଵേ௦ఠሺሬ⃗ ሻ
                                  (2-14) 

where the + signs in the numerator and denominator together give bonding π energy and – signs gives 

anti-bonding π* energy. While the function 𝜔ሺ𝑘ሬ⃗ ሻ is given by: 

𝜔ሺ𝑘ሬ⃗ ሻ ൌ ට1  4 cos √ଷೣ∙

ଶ
cos

∙

ଶ
 4 ሺcos

∙

ଶ
ሻ

ଶ
                          （2-15） 

The energy dispersion relation of 2D graphite is plotted in Figure 2-4(b), with 𝜀ଶ ൌ 0, t = 0.29 eV 

and s = 0.129. The upper half is the π* anti-bonding band and the lower half is the π energy bonding 

band, shown in Figure 2-4 (b). Figure 2-4 (c) show the calculated constant energy contours for the 

conduction band and valence band for a 2D graphene layer. The two bands touch at the K point, meaning 

a zero gap here. Thus whether the allowable and discrete wave vectors of CNT can or cannot pass 

through the K-point will result in a metallic or a semiconducting CNT, and this is decided by chirality 

(n, m). With increasing diameter, the band gap will decrease and result in more allowable wave vectors 

for the circumferential direction, indicating the CNT are transforming from 1D to 2D. Therefore, to 



 

9 

 

observe 1D quantum effects, the CNTs must have small enough in diameters. 

It is possible to define a vector 𝑌𝐾ሬሬሬሬሬ⃗  as expressed below: 

𝑌𝐾ሬሬሬሬሬ⃗ ൌ
ଶା

ଷ
𝐾ଵ                                 (2-16) 

If the length of the vector 𝑌𝐾ሬሬሬሬሬ⃗  is a multiple of the length of K1, the nanotube is metallic. Particularly, 

all armchair nanotubes denoted by (n, n) are metallic and zigzag nanotubes denoted by (n, 0) are metallic 

only when n can be divided by three. Of course the conductivity of carbon nanotubes can be judged by 

their density of state at the Fermi level, which will be discussed later. One thing worth mentioning is 

that calculation reveals that one third of carbon nanotubes are metallic and two thirds are semiconducting. 

As stated above, when 2n+m=3q, where q is an integer, the carbon nanotube is metallic, whereas it is 

semiconducting if not [4]. As a result, a map of carbon nanotubes based on the electronic properties is 

demonstrated in Figure 2-5. 

 

Figure 2-5. Period table of electrical conductivity for SWNT. Blue and red dots referring to semiconductor and 

metallic SWNT respectively. 

It is important to introduce the concept of electron density of state (eDOS), the origin of the difference 

between metallic and semiconducting SWNTs. Using a tight binding model, the eDOS of metallic (5,5), 

(9, 0) and semiconducting (10, 5) nanotube are shown in Figure 2-6. The nanotube structures are plotted 

by eDOS in accordance with Figure 1-1. The van Hove singularities (vHSs) in the picture are introduced 

by the one-dimensional quantum confinement. At the Fermi level, the eDOS of semiconducting 

nanotube (10, 5) is zero and the energy difference between the two vHSs near Fermi level is the band 

gap. Therefore the 2D graphene forming this SWNT is a zero-gap semiconductor. And correspondingly, 
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the eDOS of metallic (5, 5) and (9, 0) SWNTs are very small. 

 

Figure 2-6 Electron density of state for (5, 5), (9, 0) and (10, 5) carbon nanotubes. (10, 0) has semiconductor 

behavior and (5, 5), (9, 0) have metallic behavior. 

C. VIBRATIONS AND PHONONS  

We start with imaging a one-dimensional chain containing N atoms with the interatomic force 

simplified as a spring constant. Using Newton’s equation of motion to describe the i th atom in the chain 

as: 

𝑚 ∙ 𝜕௫ప
ሷ ൌ

డሺ∑ ಼
మ ሺఋశభିఋሻమሻ

డ௫
                            (2-17) 

where mi and xi are the mass and coordinate of i th atom, K is the spring constant, δ is the displacement 

from balance position, and ∑


ଶ ሺ𝛿ାଵ െ 𝛿ሻଶ is the total potential of the chain.  

For any coupled system, there are normal modes in which all particles move at the same frequency 

forming a collective oscillation [16]. The solution to the frequency is: 

ω ൌ 2ට


ቚsin ሺ



ଶ
ሻቚ                             (2-18) 

with a as the lattice constant for 1D chain, or the distance between successive masses at rest. The energy 

of a system oscillating at frequency ω is ℏ𝜔ሺ𝑛 
ଵ

ଶ
ሻ , where n is a non-negative integer. The lowest 

excitation energy for such system is ℏ𝜔, and all possible excitations occur in energy units of ℏ𝜔. Each 

excitation by a step up the harmonic oscillator excitation ladder is known as a phonon; or a phonon is a 

discrete quantum of vibration.  

Determining the phonon dispersion relation in a SWNT is not easy as for a 1D chain, but it can be 
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obtained from that of a 2D graphene sheet through the zone folding approach [4] as shown in Figure 4-

8 (a): 

𝜔ଵ
ఓሺ𝑘ሻ ൌ 𝜔ଶ

ఓሺ𝑘ሻ ቀ𝑘
మ

|మ|
 𝜇Kଵቁ , ቀ ୀଵ,…,

ఓୀ,…ேିଵ,  𝑎𝑛𝑑 െ
గ

்
൏ 𝑘 

గ

்
ቁ         (2-19) 

In the above equation, left term denotes the phonon dispersion relation of one-dimensional SWNT, 

𝜔ଶ
ఓሺ𝑘ሻ  is that of 2D graphene and ቀ𝑘

మ

|మ|
 𝜇Kଵቁ  describes the quantized wave vectors in the 

circumferential direction resulting from periodic boundary conditions. m represents the six phonon 

modes of the two carbon nanotubes in a graphene unit cell, each of which has three-dimensional 

vibration. As mentioned above, there are 2Nc carbon atoms in the unit cell of a SWNT, the total vibration 

degree of this system is 6Nc, and therefore the phonon dispersion relation of SWNT consists of 6Nc 

branches for each unit cell.   

 

Figure 2-7 (a) Phonon dispersion relations of graphene sheet, six phonon modes in the order of increasing energy 

are out-of-plane transverse acoustic (oTA), in-plane transverse acoustic (iTA), longitudinal acoustic (LA), out-of-

plane transverse optic (oTO), in-plane transverse optic (iTO) and longitudinal optic (LO), respectively. (b) The 

phonon density of states of graphene sheet. (c) Calculated phonon dispersion relations of (10, 10) armchair SWNT, 

including 120 degrees of freedom and 66 distinct phonon branches. (d) Corresponding phonon density of states for 

(10, 10) SWNT. 

In Figure 2-7 (a), 3 branches originating from Γ are the acoustic modes, the order of increasing energy 

is: out-of-plane transverse (oTA) mode, in-plane tangential (iTA) mode and in-plane radio (LA) mode. 

Corresponding density of state is plotted in Figure 2-7 (b). Dispersion relation of a (10, 10) carbon 
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nanotube is plotted in Figure 2-7 (c). For 2Nc= 40, there should be 120 vibration degrees of freedom, yet 

only 66 phonon branches are observed because of the degeneracies of some modes. Different from 2D 

graphene, all the acoustic phonon dispersion relations around Γ have linear relations to k, we’ll talk more 

in detail in section 3. Worth mentioning is that there is a fourth acoustic mode for carbon nanotubes [4] 

relating to the rotation around the tube axis, called the twisting mode (TW). But the velocity of this mode 

is the same with in-plane TA mode. The phonon density of state for a (10, 10) carbon nanotube is shown 

in Figure 2-7 (d), similar to that of 2D graphene because phonon dispersion relation of SWNT is 

calculated from the dispersion relation of graphene by the zone folding method. But for SWNT, there 

are numbers of peaks which are not seen in 2D graphene, reflecting the unique effects from 1D quantum 

confinement. 

D. THERMAL TRANSPORT IN CARBON NANOTUBE 

Energy exchange is the result of random motion of material particles in the system. Such material 

particles can be electrons, atoms, and molecules in gases, liquids and in solids. But for different types of 

system, the energy carriers are different. For example, in metals, energy is conducted by free electrons 

and phonons. But in semiconductors, the energy is mainly carried by phonons because the free electron 

density in semiconductor is much smaller than in metals, ~1018 cm-3 and ~1023 cm-3, respectively. The 

heat capacity from phonon contribution is expressed as [15]: 

𝐶 ൌ 
ಳ൬ ℏഘ

ೖಳ
൰

మ
ఘሺఠሻℏഘ/ೖಳௗఠ

ሺ
ℏഘ

ೖಳିଵሻమ

ஶ
                            (2-20) 

In the formula, 𝜌ሺ𝜔ሻ is phonon density of state derived from the phonon dispersion relation. For 

isolated SWNT, the four low-frequency acoustic phonons mentioned above are expected to dominate 

heat transfer at low temperatures. The dispersion relations for these four acoustic phonons are linear, 

therefore a linear relationship between 𝐶 and temperature (at low temperatures) can be expressed as: 

𝐶 ൌ const 
ಳ

మ ்

ℏ௩
, 𝑇 ≪

ℏ௩

ಳௗ
                           (2-21) 

where v and dt are averaged velocity of sound and the diameter of SWNT, respectively. At higher 

temperature, optical phonons will be excited and the total heat capacity will deviate from the linearity 

with temperature. Even though these four high-energy phonon modes have significant weight, the 

contribution from the optical phonons cannot be completely nullified [17]. 
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  For metallic SWNTs, heat capacity contributed by electrons is considered to vary linearly with 

temperature but its impact is two orders of magnitude lower than phonons since the Fermi velocity is a 

hundred times smaller than sound velocity. As in semiconducting SWNTs, the contributions of electrons 

at low temperature is quite small and is expected to depend on temperature exponentially [15]. 

  Thermal conductivity of phonons in a 1D system is expressed as a summation over all phonon modes 

and polarizations: 

κ ൌ ∑ 𝐶𝑣ଶ𝜏                            (2-22) 

C, v and τ are specific heat capacity, phonon group velocity in the axial direction of SWNT and the 

relaxation time of a given phonon mode, respectively. The thermal conductivity of free electrons can be 

determined from the electrical conductivity σ by the Wiedemann-Franz law: 



ఙ
ൎ 𝐿 ൌ 2.45 ൈ 10ି଼ ሺ𝑉/𝐾ሻଶ                     (2-23) 

The total thermal conductivity can be obtained by adding κ  and 𝜅  together. However, the 

contribution to heat transfer from phonons is much larger than from electrons at all temperatures in 

SWNTs. In the following sections, heat transfer is only considered for phonons. 

Ⅲ. THEORETICAL MODELING 

Until now, the basic information about the energy carriers and the ways to dealing with these carriers 

has been developed. In this section, we’ll focus on modeling heat transfer from a microscopic view. The 

first and simplest way is to explain thermal transport using modified classical continuum models like 

Fourier’s law is to relate the local temperature gradient with local heat flux: 

𝑞 ൌ െ𝜅 ∙ ∇T                                 (3-1) 

where κ is the thermal conductivity, q is local heat flux with unit of [W/m2], and ∇ is an operator that: 

∇T ≡
డ்

డ௫
𝑥ො 

డ்

డ௬
𝑦ො 

డ்

డ௭
�̂�                           (3-2) 

It describes the heat conduction through a medium which is caused by temperature gradient because the 

random motion of energy carriers. Fourier’s law yields an infinite speed of energy propagation 

throughout the medium, which actually is quite slow. Kittle and Kroemer [18] put up an average velocity 
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of thermal energy propagation rate, indicating the existence of a time scale for finite speed thermal 

transport. After that, Joseph and Preziosi introduced Catteneo’s equation and addressed it with a more 

applicable solution containing the relaxation time of heat carriers, τ.  

Other continuum thermal models that deal with heat transfer as equilibrium and nonequilibrium 

systems also exist, but the thermal properties can be influenced by microscale phenomena. Defects, such 

as boundary scattering and surface scattering make heat carriers in 1-D materials behave differently from 

their bulk counterparts. So proper models should be used to accurately describe heat carriers in carbon 

nanotube. 

As previously mentioned, thermal transport in carbon nanotubes is by the lattice vibration, or the 

phonon transport and sometimes includes electron transport if the sample is metallic. Let’s call these 

energy carriers. If energy carriers can move through a material with negligible resistance caused by 

scattering, the material is a ballistic conductor. Otherwise the energy carriers experience a diffusive 

transport. But CNTs act as ballistic conductors or as diffusive conductors depending on several 

conditions. It is a ballistic conductor when the mean free path is longer than the nanotube length and the 

wavelength of the dominant phonon is smaller than nanotube diameter. Diffusive transport occurs when 

CNT length is longer than the phonon mean free path and the diameter on CNT is larger than phonon 

wave length. Also, high temperature will increase the scattering rate for both electron and phonon with 

in the carbon nanotube, thus leading to diffusive transport. 

  At an atomic level, there are ways to determine how atoms composing the system interact with each 

other and how phonons are transported in a medium: molecular dynamic (MD) simulation (Sec. A) and 

phonon transport theory (Sec. B). Molecular dynamics simulations allow the observation of atoms 

dynamic evolution of a system on the basis of choosing proper potential equations. As long as a proper 

model is set up, parameter influences like length, diameter, chirality, and temperature could be 

investigated. Phonon transport in a medium often involves a dispersion relation, scattering between 

phonons and boundary, relaxation time, phonon mean free path, and these have to be measured or 

calculate with some kinetic equations like the Boltzmann equation. 

Ballistic transport happens in an ideal situation, but variations in temperature or tube length may alter 

the heat transfer to diffusive regime. To smoothly cross from a ballistic regime to a diffusive regime, 

some modification methods have been adopted to extend the effectiveness of Landauer model [19, 20], 

which will be discussed in detail in the following sections (Sec. C).  
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A. MOLECULAR DYNAMIC SIMULATIONS 

  Simulations involve a suitable model, accurate interatomic potential and properly chosen conditions. 

CNT modeling methods could be organized into three groups: atomistic modeling, continuum modeling 

and nanoscale continuum modeling. Atomic modeling includes molecular dynamic (MD) simulation, 

Monte Carlo and ab initio methods [21]. The nanoscale simulation method is an ongoing method and is 

not computationally intensive as atomic modeling. MD simulation is a powerful way to solve thermal 

transport in carbon nanotubes based on suitable interatomic potentials. Some proper interatomic 

potentials for many-body materials like silicon and carbon nanotube have been proposed [22-26], and 

used vastly. Total potential is expressed as the summation of all the chemical bonds [27]: 

Φ ൌ ∑ ∑ 𝑓൫𝑟൯ሼ𝑉ோሺ𝑖𝑗ሻ െ 𝑏
∗ 𝑉൫𝑟൯ሽሺழሻ                       (3-3) 

Here we mainly review the molecular dynamics simulation approach. MD simulation could be 

classified into the following categories: equilibrium molecular dynamics (EMD), nonequilibrium 

molecular dynamics (NEMD) and homogeneous nonequilibrium molecular dynamics (HNEMD). 

EMD method is based on linear response of Green-Kubo formula, when simplified along the axis of 

heat conduction in a 1-D situation is expressed as [28]: 

κ ൌ  
ଵ

𝑩்మ  ൏ 𝐽௭ሺ0ሻ𝐽௭ሺ𝑡ሻ 
ஶ

 𝑑𝑡                          (3-4) 

where 𝐽௭ is the axial component of heat current, V is the volume. NEMD is derived from Fourier’s law 

with a given temperature gradient or heat flux. Thermal conductivity is related to thermal gradient as: 

𝐽ఈ ൌ െ ∑ 𝜅ఈఉ
డ்

డ௫ഁ
ఉ                               (3-5) 

in the formula, 𝜕𝑇/ 𝜕𝑥ఉ is the thermal gradient and 𝛼, 𝛽 denotes the direction of heat current [29]. 

The HNEMD method uses an external field as a phantom temperature gradient or heat flux and the 

thermal conductivity is determined to be: 

κ ൌ lim
ி→

lim
௧→ஶ

ழሺி⃗,ሻவ

ி்
                              (3-6) 

in which �⃗� is the external field. This method has been shown to be computationally efficient [28]. 

  Results of many reported molecular dynamic simulations on thermal transport in carbon nanotubes 
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are summarized in Table 3-1. In the table, all the measurements were at room temperature (around 300 

K) unless otherwise stated. Applied temperature for Maruyama et al. [30, 31] and Moreland and Chen 

were the same, with mean temperature at 300 K and temperature gradient of ΔT=20 K. For single-walled 

carbon nanotubes, most researchers treated the cross sectional area as a hollow cylinder. Then the cross 

sectional area here is calculated with πdδ, where d is diameter and δ=0.34 nm is the van der Waals 

distance between graphene layers. With the parameters in Table 3-1, thermal conductivity of carbon 

nanotube s for a cross sectional area defined as πd2/4 could be easily calculated. In order to avoid the 

ambiguity of cross sectional area, Yao et al. [32] referred to thermal conductance instead of thermal 

conductivity. Ref. [43] is the theoretical calculated result listed in Table 3-1 as a reference. 

Table 3-1 Molecular dynamics simulation summary 

Ref chirality D ( nm ) L ( nm ) Type potential 
Boundary 
condition 

κ 

W/m K 

Converged 
with length? 

[33] (10, 10) 1.36 ˂ 40 EMD Brenner 2nd periodic 2980 ˃ 10 nm 

[9] (10,10) 1,36 2.47 HNEMD Tersoff periodic 6600 
Not 

mentioned 

[34] 

(5, 5) 

(8, 8) 

(10, 10) 

(12, 12) 

(15,15) 

(10,0) 

0.68 

1.08 

1.36 

1.63 

2.03 

078 

Aspect ratio of 
10-20 

NEMD Tersoff–Brenner periodic 

2250 

-- 

1700 

-- 

1700 

2250 

Not 
investigated 

[30] 
(5, 5) 

(10, 10) 

0.68 

1.36 
6-404 NEMD Tersoff-Brenner Free 

140-500 

270-380 
No 

[31] 

(5, 5) 

(8, 8) 

(10, 10) 

0.68 

1.08 

1.36 

6-404 NEMD Simplified Brenner Free 

130-510 

150-290 

180-300 

No 

[35] 
(10, 10) 

(11, 11) 

1.36 

1.49 

-- 

30 
HNEGK 

homogeneous Green–
Kubo method and 

Brenner 
periodic 

2200 

3500 
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(10,13) 

(20, 0) 

1.56 

1.57 

29 

26 

potential 1000 

7500 

[36, 
37] 

(10, 10) 

(18, 0) 

(14, 6) 

1.351 

1.404 

1.387 

2.477-39.632 

2.145-34.320 

3.813-30.504 

EMD aAIREBO periodic 

890 

820 

790 

Yes (>20 nm) 

[38] (10, 10) 1.36 50-1000 NEMD Brenner periodic 215-831 
No (Sign of 
converge) 

[39] (10, 10) 1.351 <350 NEMD bREBO periodic 350 Yes (>250) 

[32] 

(5, 5) 

(10, 10) 

(15, 15) 

0.68 

1.36 

2.03 

6-80 EMD Tersoff periodic 

1-4×1023 

~1023 

~1022 

No 

[40] 

(5, 5) 

(9, 0) 

(10, 0) 

0.686 

0.714 

0.794 

2-100 NEMD Tersoff Free 

960 

880 

770 

No 

[41] (10,. 0) 0.794 0.5-200 EMD Tersoff periodic 7000 Yes 

[28] (10,10) 1.36 5-40 

EMD 

EMD 

HNEMD 

REBO potential and 
Lennard Jones 

potential 

Free 

Periodic 

-- 

16-120 

18-140 

240-375c 

No 

[42] 
(10, 0) 

(10,10) 

0.8 

1.4 
3000    

2314 

2436 
 

[43] (10, 10) 1.36 24.5 NEMD 

Tersoff-Brenner 

and Lennard Jones 
potential 

periodic 6000 No 

[44] 
(5, 5)-(21,21) 

(9, 0)-(36, 0) 
0.7-2.9 50 NEMD Optimized Tersoff Free 

507-1913b 

233-1964 b 
No 

aAIREBO: adaptive intermolecular reactive empirical bond order. 

bREBO: reactive empirical bond order.  
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The definition of sample length would result in ambiguity with diverse boundary conditions: free 

boundary conditions, periodic boundary conditions and rigid boundary conditions. Free boundary 

conditions or infinite long conditions are employed to investigate the length dependence of thermal 

conductivity of carbon nanotubes, with longer cell providing more accurate representation, as in [30-31]. 

In NEMD simulations, periodic boundary conditions are very common, with lengths of heating and 

cooling regions. Sample lengths could be defined as between the two heat bath [45, 46], overall length 

including the two heating regions [38, 47] or length between the center of the two heating regions [44, 

48, 49]. Zhigilei et al. discussed the influence of boundary condition in detail [50]. 

 

Figure 3-1. Comparison among four different calculated thermal conductivities for a of (10, 10) single-walled 

carbon nanotube with NEMD simulation [50]. 

  Classical MD simulation methods have poor agreements with experimental data at temperatures lower 

than 500 K [28]. The reason is quantum effects, which are of great importance for materials with high 

Debye temperatures like carbon nanotube and diamond. With increasing temperature, the difference 

between a quantum-corrected method and a classical MD simulation decreases, but at room temperature, 

the quantum effects must be considered [28, 31]. Different quantum correction methods have been 

adopted yet this application is still under discussion in the literature [33, 28]. However, thermal 

conductivity at lower temperature is dominated by long wave length phonon [36, 37], MD simulation 

still provides valuable predictions of thermal properties of carbon nanotube.  

(10, 10) carbon nanotube structures predominate the laser-oven grown SWNTs, and many reports 

have simulated SWNT with this chirality with calculated thermal conductivity values in a wide range 

from 16 W/m K [28] to 6600 W/m K [9]. Yao et al. [32] attributed their extremely high thermal 

conductivity to the very high-frequency phonon modes and the same vibration modes for SWNT with 

different length. Besides the boundary conditions mentioned above, simulation methods and interatomic 

potential lead to the variation of simulated results. For the NEMD method, Tersoff-Brenner thermal 

conductivity ranges from 380 to 6000 W/m K [30, 34, 43]. Brenner potentials are on the order of 180-
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800 W/m K [31, 38]. For chirality of (10, 10) using Brenner- potentials with comparable CNT lengths, 

NEMD methods give 180-831 W/m K [31, 38], EMD methods give 2980 W/m K [33] and HNEMD 

methods give 2200 W/m K. Similarly, simulation with REBO potential result in 350 W/m K [39]. Ref 

43 solved BTE instead of using the MD simulation method. The results are shown here as a comparison 

of thermal conductivity of (10, 10) chirality carbon nanotubes simulated with MD method. Zhigilei et 

al. [50] made comparison among four different interatomic potentials, shown in Fig 3-1. All of the 

simulations were NEMD and other parameters were identical.   

In recent years, simulation works have expanded the field for use of carbon nanotube. Research on 

enhanced thermal properties of carbon nanotubes, interface phonon transport between carbon nanotube 

and other materials, structure optimized carbon nanotube thermal management devices have been fruitful 

[51-54].  

B. PHONON BOLTZMANN TRANSPORT EQUATION 

  Thermal conductivity in real materials is limited by inharmonic transport of phonons. To fully 

understand the thermal properties of a system, the solution of the Boltzmann transport equation (BTE), 

which describes steady-state phonon transport, is needed. For systems with small and constant 

temperature gradients, a time-independent linearized Boltzmann equation is established to investigate 

the thermal properties of materials. As a consequence of the extreme difficulty in finding a full solution 

for the Boltzmann equation, many simplification methods with varying complicity are explored and fit 

with experimental measurements [55, 56].  

  In general, the equation is solved to describe phonon distributions and thus determine the thermal 

conductivity. Chantrenne and Barrat [57] developed an analytical model for calculate thermal 

conductivity in one direction: 

𝜅௫ ൌ   𝐶ሺ𝑘, 𝑝ሻ𝑣ଶሺ𝑘, 𝑝ሻ𝜏ሺ𝑘, 𝑝ሻ𝑐𝑜𝑠ଶሺ𝜃௫ሺ𝑘ሻሻ


 

with k as the wave vector, p denotes the polarization, v is the group velocity, 𝜏ሺ𝑘, 𝑝ሻ is the relaxation 

time, and 𝜃௫ሺ𝑘ሻ is the angle between x direction and wave vector. This expression can be transformed 

into an integral form containing group velocity, relaxation time and density of state through a phonon 

dispersion curve. Recent progress in light scattering could be adopted to measure frequencies of phonon 

at special point in the Brillion zone [58] and thus group velocity could be derived. The most critical part 

in the formula is the phonon life time,  𝜏, involving scattering mechanism in phonon transport. 
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  Scattering of phonons includes boundary scattering, defect scattering and three-phonon Umklapp 

scattering, thus the total relaxation time can be calculated as: 

𝜏ିଵ ൌ 𝜏
ିଵ  ∑ 𝜏

ିଵ
  𝜏

ିଵ                          (3-7) 

where 𝜏
ିଵ is the boundary scattering, ∑ 𝜏

ିଵ
  is the summation of defect (vacancy, impurity, isotope 

etc.), and 𝜏
ିଵ  is due to three-phonon Umklapp scattering. Among these, Umklapp scattering is of 

special importance because Umklapp scattering is not momentum conserving and provide intrinsic 

thermal resistance that will confine the thermal current [59]. Normal phonon scattering may change the 

direction of scattered phonon, but the direction of heat flus is unchanged, thus the normal phonon 

scattering is not influential for thermal transport [58].  

  Approximation of relaxation time for Umklapp scattering has been widely presented and obtained 

good agreement with measured data. Chantrenne and Barrat [57] gave the following: 

𝜏
ିଵሺ𝜔ሻ ൌ 𝐴𝜔ଶ𝑇క expሺെ𝐵/𝑇ሻ                          (3-8) 

with A, B and 𝜉 fitting parameters for thermal conductivity of bulk materials. Their model agrees well 

with solid argon and even sound for single graphene sheets, but is not applicable for carbon nanotubes. 

Yan et al. [60] derived the Umklapp process relaxation time from first-order perturbation theory as: 

𝜏
ିଵ ൌ

ସఊమ

ଷ
∑

ிሺఠ,௩,ேబሻ

ఘᇲ                              (3-9) 

where 𝐹൫𝜔, 𝑣, 𝑁൯ ൌ ሾ𝜔𝜔ᇱ𝜔ᇱᇱሺ𝑁
ᇱ െ 𝑁

ᇱᇱሻ/𝑣
ଶሿ𝛿ሺ𝜔  𝜔ᇱ െ 𝜔ᇱᇱሻ, γ is the Grüneisen parameter, h is the 

Planck constant, 𝜌 is the mass density, and 𝑁
ᇱ and 𝑁

ᇱᇱ are equilibrium occupancies of 𝑞ᇱ and 𝑞ᇱᇱ 

phonons. Wang, Tang, Zheng et al. [61] gave the following formula about the first-order and second-

order Umklapp scattering for longitudinal branch of 1D CNT: 

𝜏ଵ,
ିଵ ൌ

ఠమ்

బ்
, 𝜏ଶ,

ିଵ ൌ
ଷଶ

ଶ
𝛾ସሺ

்

బ்
ሻ𝜔                       (3-10) 

with 𝐴 ൌ 4𝜋𝑎𝛾ଶ/𝑣, 𝑇 ൌ 𝑀𝑣ଶ/𝑘, M is the atomic mass, and γ is the Grüneisen parameter, and a3 

represents the atom volume. Their wave vector model included the normal scattering process and showed 

excellent agreement with experimental data using the 3- 𝜔 method [61]. 

 Treatment of relaxation time from boundary scattering can be roughly divided into two groups, one is 

derived from Casimir limit [57, 60, 61], taking into consideration the surface roughness:  
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𝜏
ିଵ ൌ 𝑣ሺ𝑘, 𝑝ሻ

ଵି௦

ሺሻ
                           (3-11) 

where s represents the fraction of all phonons scattered by the boundary surfaces (s ∈[0 − 1]),  L(k) is 

the distance a phonon can travel between two boundary surfaces. Another way is to treat the relaxation 

time for boundary scattering as a constant, as in Ref. 58 and 62, boundary scattering relaxation time is 

set to equal 50 ps. Models with this value have been shown to match with experimental and theoretical 

works [29]. 

  Though relaxation time approximation (RTA) has shown significant usage in understanding phonon 

transport, however recent studies have shown this method is not sufficient in describing nonequilibrium 

transport. The RTA method treats normal scattering and Umklapp scattering processes identically, thus 

underestimating the real thermal conductivity. Also for low temperature systems where Umklapp 

scattering is frozen or systems with weak Umklapp scattering, the RTA method fails to properly describe 

these systems. Many researchers have attempted full solutions of the Boltzmann equation for phonon 

transport and this has lead to some progress. 

  The Mingo and Broido [62] model includes normal and Umklapp scattering as well as ballistic and 

diffusive terms. Relaxation times are determined using an iterative method. With this method, they 

analyzed thermal conductivity of (10, 10) nanotubes and found that the thermal conductivity converges 

with length only when second order Umklapp scattering is added to the model. Then, in 2007, Broido et 

al. [63] treated the inharmonic interatomic force constants (IFCs) using density function perturbation 

theory (DFPT). This method shows excellent agreement for silicon and germanium, and is predicted to 

be applicable for carbon nanotubes. Lindsay et al. [64] used optimized empirical interatomic potentials 

and found that only acoustic phonon scattering won’t provide thermal resistance and the traditional RTA 

method leads to a poor solution to BTE. Although they discussed chirality and length dependence, the 

model gave a relatively low thermal conductivity of 600 W/m K for SWNT compared with experiment 

results, which is around 3000-3500 W/m K. After revising the Tersoff and Brenner potentials, the 

agreement of acoustic phonon branches was improved [64], but is still lower than measured valves  

(1950W/m K). Another method is the real space displacement method, in which  IFCs matrix is created 

by fitting force and displacement data through density function theory (DFT) [65- 67]. In this real space 

method, selection of harmonic and inharmonic IFCs depends on the cutoff length, and determines the 

number of surrounding shells considered of a certain atom. Tian et al. [68, 69] calculated cubic IFCs 

derived from lower order IFCs, and revealed that the contribution from optical phonon is not negligible 
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and accounts for up to 20% of the thermal conductivity in Si nanowire. Maris and Tamura [70] give 

thermal conductivity for a uniform cross-section rod as: 

κ ൌ
ℏమ

ଵగయ்మ
∮ 𝑑𝑙 ∑ ∭ �⃗�ఫሬሬሬሬ⃗ ∙ �̂�ሺ𝑙ሻ𝑛ఫሬሬሬሬ⃗ ൈ ሺ𝑛ఫሬሬሬሬ⃗  1ሻΛఫሬሬሬሬ⃗

ଶ ℏ𝜔ఫሬሬሬሬ⃗ 𝑘ଶ𝑑𝑘𝑑𝑐𝑜𝑠𝜃𝑑𝛷       (3-12) 

where A is the cross sectional area and �̂�ሺ𝑙ሻ denotes the vector perpendicular to the surface. The integral 

is around the boundary of the rod. 

C. LANDAUER METHOD 

  Compared with other materials, carbon nanotubes show a strong ballistic thermal transport owing to 

its relatively long mean free path over submicron length scale [71]. Rego and George [72] investigated 

thermal transport in quantum wires and predicted thermal conductivity at low temperatures in all 

dielectric materials. Rego et al. [72] showed that at low temperature, only acoustic branches phonons 

are excited and these phonon contribute to the quantum thermal conductance to the system. For one 

dimensional conductors, the Landauer theory serves as the basis for driving the quantum ballistic thermal 

conductance. Yamamoto and coworkers [71] applied the theory to a one-dimensional system sandwiched 

between a hot and a cold bath with ideal transmission and adiabatic at the contact region. Conditions 

were set to be ∆T ≡ T୦୭୲ െ Tୡ୭୪ୢ ≪ T ≡ ሺT୦୭୲  Tୡ୭୪ୢሻ/2. Thus thermal conductance can be written as: 

𝐺 ൌ
ொ

∆்
ൌ

ಳ
మ ்

ଶగħ

ሶ
∑  𝑑௫

௫మೣ

ሺೣିଵሻమ

௫
ೌೣ

௫
                        (3-13) 

where m denotes the phonon branches, 𝑥 ൌ ħ𝜔/𝑘𝑇, T ൌ ሺT୦୭୲  Tୡ୭୪ୢሻ/2. Independent of the exact 

phonon mode, at low temperature around 10 K, each branch of four acoustic phonons contribute equally 

to the total thermal conductance, and 

𝐺 ൌ
గమಳ

మ ்

ଷ
                                (3-14) 

  As previously discussed, dispersion relation show four acoustic phonon modes at low temperature in 

carbon nanotubes, and the four modes contribute to total thermal conductance. This result is similar to 

Rego et al. [72] for thermal conductance of quantum wire, and many other investigation on low 

temperature phonon thermal conductance have confirmed that 𝐺 ൌ 4𝐺. In their studies, Yamamoto et 

al. [71,73] calculated the universal behavior of low-temperature thermal conductance and showed that 

thermal conductance is characterized by lowest optical band energy gap of ħωop, which only depends on 
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the radius of SWNT. Specifically, for a (10, 10) carbon nanotube, the lowest energy gap is 2.1meV. In 

their work, Yamamoto and coworkers also applied the equations mentioned above to electrons in metallic 

nanotubes. From their calculation, quantized thermal conductivity caused by electrons could spread from 

near 0 K to up to room temperature. When treating low-temperature systems, thermal conductance 

quanta from electron should be taking into serious consideration [71], while at high temperatures when 

phonons give relatively high thermal conductance, the contribution of electrons is negligible. 

  In section 2.4 we provided results of earlier research on the dispersion relation of four acoustic 

phonons that have linear dependence on temperature. This once widely accepted relation [71, 73-75] has 

been challenged given the fact that conventional elastic theory neglects the fact that carbon nanotube is 

hollow, not a solid wire, and widely adopted zone folding method fails to treat the bending bond in the 

nanotube. Therefore, there are some discrepancies in the phonon dispersion relation. In 1999, Sánchez-

Portal compensated for the deficiencies of the zone folding method with ab initio calculation [76], and 

found that phono dispersion relations of transverse acoustic phonon modes have quadratic curves. 

Similar results were obtained by simulation works of Popov and coworkers [77-79]. They adopted 

Born’s perturbation technique together with a lattice dynamical model to show that phonon dispersion 

increase as the square of the wave number. Mahan and Jeon [80] further developed a theoretical 

underpinning by using a force model with properly treated symmetry rules between carbon atoms in 

nanotubes.  

  As temperature increases to several degrees Kelvin, optical phonon modes are onset as heat carriers, 

depending on the lowest optical phonon energy, which is found to be uniquely determined by the 

nanotube diameter [71, 73]. Thermal conductance calculation of SWNT should extend from low-

temperature to higher temperature by including these optical phonon channels. The total number of 

phonon modes is three multiplied by the carbon nanotube number in the unit cell (or in a shell of multi-

walled carbon nanotube), expressed as below: 

𝑁 ൌ 3 ൈ 𝑁 ൌ 3 ൈ
ସሺమାమାሻ

ௗೃ
                         (3-15) 

where (n, m) is the chirality, 𝑑ோ is as in section 2.1.3, is the greatest common divisor of (2𝑚  𝑛) and 

ሺ2𝑛  𝑚ሻ . It is clear that total thermal conductance is the summation of the quantum thermal 

conductance contributed by each phonon mode in the ballistic regime  𝐺 ൌ 𝑁 ∙ 𝐺 . For SWNT 

bundles, similar method can be used. Shang, Ming and Wang [20] derived equations to calculate thermal 
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conductance of CNT bundles: 

𝐺௨ௗ ൌ ∑ 𝑁௧௨𝐺௧௨                            (3-16) 

where D denotes the diameter of the tubes in the bundle, 𝑁௧௨ is the tube number inside the bundle. 

One thing worth mentioning is that theoretical [60] and experimental [81] works have demonstrated that 

thermal conductance perpendicular to tube axial is small enough to ignore. The percentage of CNTs’ 

contribution to bundle thermal conductance is expressed as  ~π 𝐷ഥ/𝑤௨ௗ , where 𝐷ഥ  is the mean 

diameter of SWNT in bundle and  𝑤௨ௗ is the bundle width. 

  When the length of CNT is larger than phonon mean free path, thermal conductivity converges to a 

constant value, indicating a diffusive transport regime [33, 82]. Shang, Ming and Wang [20] extend 

ballistic models to diffusive regimes using a piecewise functions to feature thermal conductance of the 

two processes. With L indicating the length of CNT and l representing the phonon mean free path, 

thermal conductance should obey the following equations: 

𝐺 ൌ ቊ
   𝑁 ∙ 𝐺          𝑓𝑜𝑟 𝑙  𝐿

𝑁 ∙ 𝐺 ∙



       𝑓𝑜𝑟 𝑙  𝐿

                        (3-16) 

  One thing need to be recalled is that the assumption for Landauer theory is the perfect transmission 

and adiabatically connection between the CNT and two bathes. In this condition, phonon could travel 

freely without scattering by defects or boundary. Inspired by electronics transport in mesoscopic systems 

[57], Wang and coworkers [19] modified energy transmission ζ cover from ballistic to diffusive regimes: 

𝜁 ൌ ൞

1                                      𝐵𝑎𝑙𝑙𝑖𝑠𝑡𝑖𝑐 𝑟𝑒𝑔𝑖𝑚𝑒


ା
            𝐵𝑎𝑙𝑙𝑖𝑠𝑡𝑖𝑐 െ 𝐷𝑖𝑓𝑓𝑢𝑠𝑖𝑣𝑒  𝑟𝑒𝑔𝑖𝑚𝑒




                                   𝐷𝑖𝑓𝑓𝑢𝑠𝑖𝑣𝑒 𝑟𝑒𝑔𝑖𝑚𝑒

                (3-17) 

  A theoretical scheme that seamlessly crosses over from fully ballistic to fully diffusive transport was 

derived by Yamamoto et al. [83] with the following result: 
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               (3-18) 

where 𝑣  is the phonon mode, 𝑓ሺ𝜔, 𝑇ሻ  is the Bose-Einstein distribution function for phonons at an 

average temperature T between hot and cold baths, and Ʌ௩ሺ𝜔ሻ  is mean free path. Equation (3-18) 

derives the ballistic conductance for L  ≪ Ʌ௩ሺ𝜔ሻ and the Boltzmann-Peierls equation for L≫ Ʌ௩ሺ𝜔ሻ. 

Three- phonon Umklapp scattering in the low frequency regime where ħω/kBT ≪ 1 was expressed as: 
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  Ʌ𝑣ሺ𝜔ሻ ൌ 𝑐𝑣𝐴/𝜔2𝑇                         (3-19) 

In this formula, cv is a parameter representing the curvature effect of a CNT (used as 0.65 in this reference) 

and A is the coupling constant for graphene. Adopting the equation for thermal transport in CNT provides 

thermal conductance as: 
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ஐೡ
ቁቃ                        (3-20) 

where Ω௩ሺ𝐿ሻ ൌ ඥ𝑐௩𝐴/𝑇𝐿 can be regarded as a length-dependent characteristic frequency. Yamamoto 

et al. [83] determined interfacial resistance as 𝜅௧
ିଵ   by fitting to experimental data as 0.09K/nW, 

therefore the total thermal conductance is 𝜅ିଵ ൌ 𝜅େ
ିଵ  𝜅௧

ିଵ . For (3,3) and (5,5) CNTs, the analytical 

model results are in excellent agreement with nonequilibrium MD simulation. 

D. KEY FINDINGS 

  A variety of research was conducted on the influence of chirality, length, temperature and defects on 

thermal conductivity of carbon nanotubes. This issue will be discussed in the following. 

1. Temperature dependence 

Several efforts to reveal the temperature dependence of thermal conductivity of carbon nanotubes by 

varying temperature from low to high, and phonons have shown varying behavior from ballistic to 

diffusive. In the ballistic transport regime, thermal conductivity shows a linear relationship with 

temperature in a certain range, resulting from a linear increase in specific heat [71, 73]. Thermal 

conductivity becomes a maximum at around 320 K [84], a substantially higher value compared with 

bulk crystals, which indicates suppressed three-phonon scattering over a wide temperature range [85].  

  Below 30 K, the mean free path is energy-independent [81] and the only resistance from boundary 

scattering remains constant [60, 62].Therefore thermal conductivity could be calculated from kinetic 

theory as κ ൌ  ∑ 𝐶𝑣ଶ𝜏. It is obvious that thermal conductivity increases with temperature as the specific 

heat increases with phonon modes. As mentioned in section 3.3, at low temperature, only the four 

acoustic phonon modes are excited and each mode contributes a quantum phonon thermal conductance 

Gph and the total thermal conductance is a radius-independent value, 𝐺 ൌ 4𝐺. However, this ballistic 

transport region is not as large as expected. Hone et al. [86] found this limit up to 8 K, and Chalin et al. 

[87] found the linear dependence region is within a quite narrow range from 3 to 6 K. That is because 

low-energy bending modes are excited above 6 K and could cause a deviation from a linear relationship. 



 

26 

 

With the contribution of these lowest-energy bending modes, phonon thermal conductance is further 

enhanced by and displays a non-linear temperature dependence [87]. For <75 K, the main contribution 

to phonon thermal conductance is from acoustic and bending modes [87]. Ballistic transport dominates 

up to room temperatures, as phonon-phonon scattering is negligible and phonon mean free path is 

determined by boundary scattering [13]. In this region, thermal conductivity κ~ T is observed [87, 88].  

  Starting from lowest optical mode which contributes to thermal conductance, phonon transport starts 

to transfer from 1-D to 2-D behavior [84]. The temperature at which lowest optical phonon mode is 

excited depends on the energy gap, which is determined by nanotube radius [71, 73]. Yamamoto et al. 

[71, 73] scaled low-temperature phonon thermal conductance with the lowest optical mode, τ ൌ

𝑘T/ℏ𝜔, and found low-temperature phonon transport is characterized by the optical phonon energy 

gap. Shown as Figure 3-2 (a). Hata et al. [89] further extended analysis to higher temperatures and found 

the excitation of optical phonon modes are influenced by chirality. For zigzag and chiral SWNTs, phonon 

modes increase from four to six immediately at a lower energy while the transmission coefficient stays 

at four for a wider range of energy [89]. From reported work, the temperature dependence at 100 K is T 

3 [68] and T 1.5 up to 200 K [13, 84]. For MWNTs, this trend was found to be T 2.5 for <50 K and T2.01 

for >50 K [90]. 

 

Figure 3-2. (a) Thermal conductance as a function of temperature scaled by the energy gap of the lowest optical 

mode [71]. (b) Intrinsic thermal conductivity of SWNT over 100-800 K temperature range. The length difference is 

observable in the picture, and chirality may lead to variations up to 20% difference between SWNT. [88] 

  At higher temperature, thermal conductance decreases as Umklapp scattering dominates. First order 

Umklapp scattering leads to a T -1 trend and second order Umklapp scattering results in a T -2 trend, 

shown in Figure 3-2 (b) [88]. Pop et al. [88] attribute this to the onset of second order of Umklapp 

scattering above around 300 K. High temperatures excite optical phonons with small group velocity, 
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providing scattering channels for acoustic phonons. Yet these optical phonons contribute to about 20% 

thermal conductivity at room temperature [68]. Given the discussion above, the highest thermal 

conductance for carbon nanotube could be reached at the balance point of increasing phonon population 

and the increasing scattering rate accompanying higher temperatures. Reported works gave a possible 

temperature range from 150-400 K for maximum thermal conductance of CNT [34, 35]. 

2. Length effect 

  Thermal conductivity is a function of several parameters including length, diameter, temperature, etc. 

and is expected to crossover from the ballistic regime to the diffusive conduction regime when SWNT 

length exceeds that of phonon mean free path. For a nanotube, this crossover phenomenon could be 

observed with different lengths at various temperatures. In order to clarify length effect, the following 

discussion is based on room temperature unless otherwise mentioned. Different MD simulations were 

used to estimate the influence of sample length on thermal conductivity. It is now a common sense that 

at shorter lengths, thermal conductivity diverges with carbon nanotube length. Similar divergence is also 

observed in other low-dimensional lattices [85, 91]. When the tube length L is smaller than the phonon 

mean free path, l0, heat conduction shows a significant ballistic behavior, and the thermal conductance 

is constant. Thus thermal conductivity is proportional to L [92]. This arises from the fact that a longer 

nanotube has more phonon modes with long wavelengths and smaller wavelengths, providing new heat 

carriers which are less likely to be scattered by inelastic scattering [13, 28]. Under this condition, a wider 

range of optical phonons could also contribute to thermal conductivity together with acoustic phonons 

[92]. A power law can be used to fit these analyses as κ~ Lα, for α~1 with ballistic transport [49, 19]. 

Following purely ballistic transport there occurs a long quasi-ballistic heat conduction phenomenon, 

with a slower increase in the thermal conductivity [19, 62, 93]. This quasi-ballistic heat conduction could 

exceed a micrometer [93], and even reach millimeter at 10 K [62].  

For longer carbon nanotubes, there’s still debate on whether the thermal conductivity will converge 

or not. Some research work reported unlimited thermal conductance with increasing carbon nanotube 

length [19, 28, 30, 31, 38, 45, 49, 93, 94] while others obtained a saturated thermal conductivity when 

sample length reaches a certain threshold value [50, 61, 83, 95-98]. One reason for the unlimited thermal 

conductivity could be the small length of sample used. For the majority of the simulations with unlimited 

thermal conductivities, the simulated sample lengths were shorter than several micrometer. But for very 

long carbon nanotubes with length of 100μm [49], simulations showed a α = 0.21 dependence on sample 

length. Another possibility could be the simulation parameters, as mentioned before. Some researchers 
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mentioned the physically unreal periodic boundary conditions used in simulations [28, 93], which 

eliminates boundary scattering and ignores the contribution from phonons with wavelengths longer than 

the cell size. Chirality is also worth mentioning. Maruyama attributed the divergence to chirality by 

performing simulations on (5, 5) and (10, 10) carbon nanotubes. The latter showed a nearly constant 

thermal conductivity independent of length. Simulation results also indicated that for longer CNTs, the 

thermal conductivity should reach a saturation.  

       

Figure 3-3 Calculated thermal conductivity versus nanotube length at different tube length. (a) Three simulated 

carbon nanotubes exhibit ballistic thermal transport to over 400 nm. (b) NGR in the figure is nanographene ribbon. 

Thermal conductivity increases at a decreasing rate. (c) Thermal conductivity of a 1.039 mm SWNT. (Open symbol 

are measured thermal conductivity and solid symbols are corrected ones.) 

Different from the ballistic transport regime, the power law diffusive regime demonstrates κ~ Lα with 

α <1. Theoretical and simulation works have given a range of 0.12-0.4 [30, 62, 40]. Figure 3-3 (a) shows 

the length dependence of thermal conductivity for different nanotubes [31].From the picture, it is obvious 

that all of the three simulated carbon nanotubes exhibit ballistic thermal transport to over 400 nm length 

and chirality influences the power law, with (5, 5) nanotube having the highest thermal conductivity over 

the other two nanotubes. Mingo and Broido [62] analyzed thermal conductivity of a (10, 10) nanotube 

and found that thermal conductivity converges with length only when second order Umklapp scattering 

is added to the model, shown in Figure 3-3 (b). Without second order Umklapp scattering, thermal 

conductivity would increase with length for CNTs without saturation. Lee et al. [99] measured thermal 

conductivity with length from 2 μm to 1.039 mm, and found no saturation occurred. According to their 

research, 8638 W/m K is the lower bound for millimeter-long CNT, shown in Figure 3-3 (c). With full 

solution of BTE, Lindsay predicted saturated thermal conductivity for nanotubes longer than 1000 mm. 

Yamamoto et al. [83] used length-dependent characteristic frequency Ω௩ሺ𝐿ሻ ൌ ඥ𝑐௩𝐴/𝑇𝐿, where A=3.35

×1023 m K/s2 is the coupling constant for graphene, T is temperature. The position where  Ω௩ሺ𝐿ሻ falls 

(a) (b) 

T
he

rm
al

 c
on

du
ct

iv
ity

（
W

/m
 K

）
 

(c) 

Length of Nanotube (μm) 
100 1000 

4000 

8000 

12000 

16000 

Length of Nanotube (nm) Length of Nanotube (m) 



 

29 

 

is increasing with increasing L. By comparing  Ω௩ሺ𝐿ሻ with phonon frequencies, seamless crossover 

from ballistic regime to quasi-ballistic regime and then to diffusive regime is possible.  

3. Chirality and diameter effect 

Chirality and diameter have been extensively studied by different methods including both theory and 

experiment. Although chirality and diameter are closely related parameters，the impact of chirality has 

been mysterious for long time. In MD simulations, it is relatively easy to model SWNTs with different 

chirality, but there has not been good control experimentally. And there still remains discrepancy among 

simulation works and theoretical analysis. 

  First we talk about the influence of diameter. Thermal conductivity dependency on nanotube diameter 

is the result of diameter dependence scattering and changes in number of conduction channels [13]. 

Many researchers reported thermal conductivity decreasing with increasing diameter [19, 57, 60, 100]. 

Osman and Srivastava found small diameter nanotubes have higher thermal conductivity than larger 

ones. Yan et al. [60] obtained a n-2 dependence for thermal conductivity for both (n, n) and (n, 0) carbon 

nanotubes, while Wang and Wang [19] deduced a n-1 dependence. Despite the differences, the two 

relationship both describe an inverse relation between thermal conductivity and diameter. Shiomi and 

Maruyama [100] included the tube length and reported a trivial influence of diameter dependence on 

thermal conductivity for short SWNTs, and an inverse conductivity relationship with increasing diameter 

when tube length is long enough. 

However, other studies lead to a different conclusion. Qiu et al. [44] reported that thermal conductivity 

increases with increasing diameter, owing to curvature that shortens the relaxation time. Cao et al. [49] 

derived the following formula for zigzag and armchair carbon nanotubes:  

𝜅ሺ𝐿, 𝑑ሻ ൌ 𝜅ሺ𝐿ሻ ൈ ሺ1 െ 𝑒ି.ଵ଼ହௗ/బሻ                    (3-21) 

where 𝜅ሺ𝐿ሻ is the thermal conductivity of graphene with same length L and 𝑎 is the graphene lattice 

constant. Cao et al.[101] believed that breathing mode phonons are very sensitive to diameter and a large 

diameter has more active low-frequency modes that contribute to higher thermal conductivity. When 

𝑑 → ∞, SWNT becomes graphene and the thermal conductivity of SWNT equals that of graphene. That 

is, single layer graphene is the upper limit for free-standing SWNTs at room temperature. The same 

conclusion was drawn from Boltzmann transport equation solutions for SWNTs with diameters from 1-

8 nm [42]. However, different from a simple trend, Lindsay et al. [42] calculated a non-linear relation 
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between thermal conductivity and diameter from BTE. They found that the thermal conductivity of 

carbon nanotube exhibits a minimum for modest diameters. SWNT with small diameters have higher 

thermal conductivity. This is because the inherent curvature violates the selection rule, and this strongly 

restricts the phonon-phonon scattering. Yue et al. [102] found a slightly non-linear relationship for 

thermal conductivity with respect to diameter. With this relationship, thermal conductivity of single layer 

graphene is the lower limit, different from the conclusion of Lindsay.   

  For chirality impact, several works found no significant influence [19, 40, 62, 71, 73]. Yamamoto et 

al. found that diameter is the only factor that affects the lowest optical phonon mode [72, 74]. The density 

of state of phonons in SWNTs doesn’t change much with varying chirality, suggesting a relatively trivial 

impact [13, 40].  

However, other modeling studies reported obvious effects of chirality [20, 9, 35, 36, 60]. This may be 

explained by different bond structures in different chirality specimens [13]. Based on the chirality effect, 

efforts have been exerted to find out carbon nanotube chirality with optimal thermal properties. Osman 

and Srivastava [34] found that zigzag nanotubes have the highest thermal conductivity because 

stretching of sigma bond in armchair and chiral carbon nanotubes would shorten the phonon mean free 

path, thus confining thermal conductivity. Similar conclusions are reached by Zhang et al. [35], ranking 

of thermal conductivity from low to high in nanotubes with similar diameters but different chirality is 

chiral nanotube, armchair and zigzag structures. This could be attributed to more phonon modes in 

zigzag SWNT than in armchair structures in the ballistic regime [20]. In contrast, Feng et al. [103] 

discussed the impact of chiral angle from 0-30° with NEMD simulations. Results showed that chirality 

influence is obvious for short SWNTs and large-diameter SWNTs. For longer SWNTs, the chirality 

influence is replaced by diameter influence. Through simulation, armchair SWNTs have been found to 

have larger thermal conductivity than zigzag structure with comparable diameters at room temperature, 

consistent with the findings of Yan et al. [60].   

4. Defect and vacancy  

  Defects like isotopes, dislocations and grain boundaries influence thermal conductivity of carbon 

nanotubes. However, the well-established methods for tracking specific phonon modes are not able to 

accurately include the above mentioned defects. To fully understand defects effect on thermal property, 

the key factor is the potential modes, which could properly describe the defect structure and to reveal 

phonon reaction.  
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Figure 3-4 Thermal conductivity decrease with increasing defect concentration for 10 (black circle), 50 (blue 

square), 100 (orange triangle) nm CNTs. (a) vacancy, (b) SW. Solid and dashed lines are fitting curves for vacancy 

and SW defects.  

Sevik et al. [104] used NEMD simulations to distribute single vacancy, double vacancy and Stone-Wale 

(SW) for zigzag carbon nanotubes. By calculating the drop of the mean free path, Sevik et al. [104] 

found that for defective carbon nanotubes, high frequency phonon modes are greatly suppressed within 

1 μm while low frequency phonons maintain ballistic transport, yielding an almost unchanged thermal 

conductivity. The calculated mean free path decayed with factor of ω-2, indicating a Rayleigh scattering 

mechanism [105]. Menuier et al. [106] pointed out that semiconducting tubes are more sensitive to 

disorder and result in a shorter mean free path. Ohnishi et al. [107] found an over 50% reduction for 

CNTs with vacancy in range of 0.06 % to 0.14 % and SW in the range 0.078 % to 0.11 % for 10-100 nm 

CNTs, as shown in Figure 3-4. Comparing the decrease caused by vacancies and SW, Ohnishi et al. [107] 

suggested that vacancies have a greater effect than SW because the absence of C-C bonds diminish short 

phonon-waves. To mitigate the influence of defects, Ivanov et al. [106] annealed MWNT arrays at 2800 ℃ 

for 2 hours and the sidewall defect was greatly reduced.  
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  Figure 3-5 Effect of 13C isotope on thermal conductivity of SWNT. 

  Isotopes were assumed to have smaller effect for higher mass system [58]. For example, 99.999% 12C 

diamond has thermal conductivity 4 times larger than 99.9% 12C, while 235U isotope has little effect on 

UO2 [58]. Zhang and Li [40] valued the effect of 13C and 14C isotopes on thermal conductivity of 12C 

carbon nanotubes. Thermal conductivity decreases with isotope concentration at a decreasing rate, and 

the decrease percentage is similar to that of diamond [40]. Maruyama and Shiomi calculated the thermal 

conductivity of carbon nanotube from pure 12C to fully 13C nanotubes. Simulation results are shown in 

Figure 3-5 [108]. It can be seen from the picture that the general trend of the simulation is that thermal 

conductivity decreases as the ratio of 13C increases as a result of phonon scattering. Green and red curves 

in the picture represent 50 nm and 100 nm nanotubes at 300 K, and variation of the thermal conductivity 

between the two results is almost constant. This phenomenon could be explained that the additional long 

wavelength phonons contributed by longer nanotubes are not influenced by the isotope, whose influence 

is localized within relatively short atomic length scale. Li et al. [109] observed a similar phenomenon 

by adding 13C isotopes randomly to pure 12C CNT and agreed on the explanation that the isotope effect 

is caused by phonon localization. However Savić et al. [110] suggested this is caused by diffusive 

phonon scattering instead of unobservable phonon localization. Feng et al. [111] investigated the doping 

effect in CNTs with N, B and K atoms. The doping effect showed a similar decrease as with isotopes 

without changing the temperature at which maximum thermal conductivity occurs.  
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Ⅳ. SIMULATION AND EXPERIMENT 

A. EXPERIMENTAL METHODS 

  Thermal measurement techniques at the nanoscale level can be divided into two groups: (1) using 

external heat sources to generate temperature gradients along the nanotube, and (2) applying dc current 

into the nanotube, or a self-heating method to estimate the thermal properties. Here, several methods 

will be covered to illustrate the merit and shortcomings of each method. 

1. External heat source 

1.1 Suspended thermometer 

 A representative example of this method was put forward by P. Kim et al [107], and this method is 

revised by other researchers [112, 134], shown in Figure 4-1 (a) [134]. Though the detailed structures 

may have little difference, the working principle remains the same. First, the assumptions involved using 

this method should be clarified: 

  (1) The temperature on either of the two membranes is uniform. 

  (2) The heat exchange between the two membranes is caused by thermal radiation or convection 

are negligible. 

  (3) Connecting parts of the beams and substrate have the same temperature, which is a constant 

value in experiment. 

The principle of this method is to apply dc current in one of the serpentine membranes, there will be 

joule heating and, thus this membrane serves as a heater. Part of the heat will be conducted to the 

environment by the beams connecting the membrane and the substrate. Part of the heat will be conducted 

to another membrane, called the sensing membrane, and will cause a temperature rise which will also 

dissipate to the environment through the beams connected with it. The schematic picture of this process 

is illustrated as in Figure 4-1 (b).  

The thermal conductance of the nanotube bridging the two membranes can be expressed as:  

𝑇 ൌ 𝑇 
𝐺  𝐺௦

𝐺ሺ𝐺  2𝐺௦ሻ
𝑃, and 𝑇௦ ൌ 𝑇 

𝐺௦

𝐺ሺ𝐺  2𝐺௦ሻ
𝑃௦ 
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where P is the Joule power applied to the resistor Rh. By measuring the variation of two membranes’ 

electrical resistance as a function of P, the temperature on the two membranes can be determined and 

further the thermal conductance of bridging nanotubes at temperature T0 can be calculated. 

 

Figure 4-1. (a) A representative SEM image of the suspended microstructure used for measuring the thermal 

conductivity. (b) Schematic diagram and thermal resistance circuit of the device. 

Samples of carbon nanotubes were put across the two membranes and the pictures of several 

experiment samples are shown in Figure 4-1. The measurement results show a multi-walled carbon 

nanotube (MWNT) of 14 nm diameter, 2.5 μm length and with a thermal conductivity over 3000 W/m 

K at 320K. The sample showed a T2.5 dependence below 50 K and T2 above 50 K. In 2009, Pettes et al. 

[113] measured the thermal conductivity of individual SWCNTs, double walled carbon nanotubes and 

MWCNTs and the thermal conductivity of SWCNTs was around 600W/Km at room temperature.  

1.2 T-type nano sensor  

Fujii et al. [114] reported using a T-type nano sensor to measure the thermal conductivity of a single 

CNT. The structure of the T-type sensor is shown in Figure 4-2. The working principle is: after supplying 

current to the nanofilm sensor (NS), heat will partly be conducted to heat sink (HS) and dissipated to the 

ambient through NS and HS. If the contact resistance is neglected, the thermal conductivity of CNT can 

be calculated as 

𝜆 ൌ
𝐿𝐿𝜆𝐴ሺ𝐿

ଷ 𝑞௩ െ 12𝐿𝜆∆𝑇௩ሻ

𝐿ଵ𝐿ଶ𝐴ሼ12𝐿𝜆∆𝑇௩ െ 𝑞௩ሺ𝐿ଵ
ଷ  𝐿ଶ

ଷ ሻሽ
 

where 𝐿is the length of the sample, 𝐿 is the length of the nanofilm, 𝐿ଵ and 𝐿ଶ denote the lengths 
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of left and right side of the nanofilm from the connecting point of sample and nanofilm, 𝐴 and 𝐴  

are the cross section areas of nanofilms and CNT samples, 𝑞௩ is the heat generation rate and 𝜆 is 

thermal conductivity of Pt nanofilm. The author used two ways to define the cross section area: 

𝐴 ൌ  𝜋𝑑
ଶ/4   and 𝐴 ൌ  𝜋ሺ𝑑

ଶ െ 𝑑ଵ
ଶ）/4 

where 𝑑 is the outer shell diameter and 𝑑 is the diameter of the inner lumen. 

  

Figure 4-2. (a) Schematic diagram of the nanosensor. (b) Temperature distribution along the nanofilm sensor. 

Through measurement and calculation, the thermal conductivity for a diameter range of 9.8 nm and a 

length 3.7 μm MWCNT is 2069 W/mK. For a 16.1 nm diameter sample, thermal conductivity showed 

an asymptote near 320 K, this tendency is repeated with other observations [112], which is assumed to 

be caused by the onset of three phonon Umklapp scattering.  

1.3 Four-probe method 

Kim et al. [115] reported a four probe method not only to measure the intrinsic thermal conductivity 

of the sample but also the contact resistance. Figure 4-3 (a) demonstrates the structure of the four probe 

device. One of the four Pt beams (i th) is electrically heated by a direct current, and the other three (j th) 

are heated with energy transported by the sample. Temperature distributions in i th and j th beams are 

shown in Figure 4-3 (b). The thermal resistance circuit of the measurement device when the Pt beam 

serves as a heating beam is plotted in Figure 4-3 (c). After the four Pt beams serve as heaters one by one, 

a 4×4 matrix could be obtained and a sample resistance (R2) together with thermal contact resistance 

(Rc,2 and Rc,3) could be calculated. This four probe method could obtain an overdetermined matrix and 

previously only three of the equations are used to derive the three unknown parameters mention above.  

(b) (a) 
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Figure 4-3. (a) An optical micrograph (left) and a SEM graph (right) of the 240 nm wide Si nanowire 

sample assembled across the four Pt/ Si3N4 beams. (b) Schematic diagrams of temperature profiles of 

the i th heating beam and the j th thermometer beam. (c) Thermal resistance circuit of the measurement 

device. Sample resistance, R2, and thermal contact resistance Rc,2 and Rc,3 will be derived from the 

measurement.  

A Si nanowire sample was measured with the four probe method and the measurement data agreed 

well with theory derived by Wang and Mingo [116]. Kim et al. [117] further improve this method with 

data reduction and further validated this latest four-probe thermal transport measurement method for 

application on thin films and nanostructures. 

2. Self-heating method. 

Methods using external heat sources to investigate the thermal transport in CNTs including 3 െ ω , 

Raman thermography and dc thermal bridge methods. All these methods start from the same point that 

when the CNT absorb energy, it generates a temperature gradient along itself and by analyzing 

temperature profile, thermal information is extracted. 

2.1 3 െ ω method 

Schematics of the 3 െ ω method are shown in Figure 4-3. Choi et al. [118] deposited a single carbon 

nanotube along the four metal contacts, as shown in Figure 4-4 (b). The black trench made by focused 

ion beams (FIB) prevented the nanotube from touching the substrate. The outer two electrodes supplied 

a sinusoidal current  𝐼  sinሺ𝜔𝑡ሻ and as the current passes through, joule heat is generated. The joule 

heat generated is proportional to [𝐼  sinሺ𝜔𝑡ሻሿଶ, and thus a lock-in amplifier, which is denoted as V in 

Figure 4-3 will detect a small 3ω  signal   𝑉ଷఠ . Choi et al. [119] obtained thermal conductivity of 

individual MWCNTs which outer diameter is about 45 nm to be 650-830 W/m K at room temperature 
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with measurement error േ 6%. 

     

  Figure 4-4. (a) Schematic diagram of a 3-ω method measurement device. (b) Picture of a prepared sample on 

the measurement device.  

One limitation of this method is that measured sample should be electrically conductive and has a 

linear electrical response. According to a recent study about the thermal transport mechanism, Bachtold 

et al. [120] suggested that MWCNTs are diffusive conductors, metallic SWCNTs are ballistic conductors 

over several microns, while the semiconducting SWCNTs have large barriers along their length. 

Lu et al. [121] established the conduction equation along the suspended sample: 

𝜌𝐶
𝜕
𝜕𝑡

𝑇ሺ𝑥, 𝑡ሻ െ 𝜅
𝜕ଶ

𝜕𝑥ଶ 𝑇ሺ𝑥, 𝑡ሻ ൌ
𝐼

ଶsinଶ𝜔𝑡
𝐿𝑆

ሾ𝑅  𝑅ᇱሺ𝑇ሺ𝑥, 𝑡ሻ െ 𝑇ሻሿ 

where 𝐶, 𝜅, 𝑅 and 𝜌 are specific heat, thermal conductivity, electric resistance and mass density of 

the sample at the substrate temperature T0. The symbol 𝑅ᇱ ൌ ሺ
ௗோ

ௗ்
ሻ

బ்
 , L is the length of the sample 

between voltage contacts and S is the area of the cross section of sample. The 3ω voltage signal is 

expressed as:    𝑉ଷఠ ൌ 4𝐼ଷ𝐿𝑅𝑅ᇱ/𝜋ଶ𝜅 𝑆   (low frequency) and thus  κ ൌ 4𝐼ଷ𝐿𝑅𝑅ᇱ/𝜋ସ𝑉ଷఠ𝑆 . But the 

simplification and approximation will introduce errors with this method, several improved methods 

[122-124] were developed to improve the accuracy. 

Accuracy of the measured result depend on the proper chose of ac current to short circuit the contact 

area, yet the contact resistance causes further uncertainty in calculating thermal conductivity. To enhance 

the reliability of this method, the four-point 3-ω method was developed [118]. Compared with the two-

point method, this improved method eliminates the contribution of contact resistance in calculating 

thermal conductivity and enables the accurate measurement of the first and third harmonic signals. The 

thermal conductivity of MWCNT (outer diameter ~20 nm, length 1.4μm) at room temperature (24.4℃) 

is 300േ20 W/mK.  
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2.2 Optical methods 

An optical method for measuring thermal transport was demonstrated by Hsu.et al. [125] . In this 

method, the optical information can both act as heater or sensor. When using a focused laser beam to 

heat the sample, it becomes an energy source. As a sensor, the temperature profile is measured by optical 

properties like Raman shift. Chiashi et al. [126] used three different wavelength lasers to heat various 

bundled SWNT samples and observed the Raman shift of the G+ peak frequency shift over a wide 

temperature range from 4-1000 K. The measured result shows that: Raman shift frequency decrease and 

peak width broadens with increasing temperature. An advantage of this method is that it provides 

information about contact resistance and ballistic/diffusive phonon transport. Yet the energy absorption 

from the incident laser was unknown. 

Hsu et al. [127] further enhanced this method by using two laser measurements. Temperature at the 

heated point was determined by the Raman G band shift and the temperature of the two ends were 

calculated by the electric resistance change via temperature coefficient. The optical absorption of 7.4-

10.3 nm diameter bundles is between 0.03-0.44 % in 0.4μm diameter spot, and thermal conductivity of 

three measured samples range from 118-683 W/m K. Another novel technique to address the above 

mentioned challenge was developed by Li et al. [128] in which the sample was heated by electricity and 

the temperature at the heated point and two ends were determined by shift of shifts in G band Raman 

frequency. In this way, thermal conductivity can be determined independently from contact thermal 

resistance. Thermal conductivity of a SWCNT (1.8 nm in diameter and 41 μm in length) was measured 

to be 2400 W/m K and a MWCNT (outer diameter 8.2 nm and 32 μm in length). Optical means can act 

both as heater and as sensor, Hsu et al. [127] used one laser beam as heater and one laser to measure 

spatial temperature spreading along SWCNT bundles in both vacuum and in air. Measured results of 

SWCNT bundles are comparable to Ref.126, range from 16-163 W/m K. Because of unavoidable defects 

in the sample, temperature along the sample is not strictly linear. With Raman investigations, spatial 

thermal conductivity measurements are possible [128, 129]. This problem can be solved by reducing the 

self-heating current. 

During electrical self-heating, especially for high-bias voltage, Joule heating will cause 

nonequilibrium transport in suspended SWCNTs [110, 130-132]. In high-bias experiments [131], 

electrons excite optical phonons, which act as the main scattering source and thus decrease the electron 

mean free path and suppresses ballistic phonon transport. Generation of hot phonons can be detected 

directly from a Raman scattering experiment. Theoretical analyses of acoustic and optical phonons 
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generated by Joule heating are contained in [129-133]. 

According to Pop et al. [131], the effect of nonequilibrium phonons can be minimized by a substrate 

that has close vibration modes with the sample and thus shortens the lifetime of optical phonons. The 

same conclusion of the positive effect was verified earlier by Lazzeri et al. [134]; that a heat sink would 

increase scattering length and decrease the occupation temperature of optical phonons. On the other hand, 

on-substrate measurements may cause other problems. Wang et al. [61] observed 30-40% of the heat 

generated dissipated to the substrate, thus the impact of substrate cannot be eliminated. And substrate-

sample interaction may also suppress some phonon modes and impact boundary scattering [134].  

C. Comments on experimental methods 

Because of the extreme difficulty in measuring nanoscale materials, there are still some short comings 

with these methods. The most critical issue is the thermal contact resistance between the sample and the 

substrate. And this will further complicate the modeling of phonon transport in such systems. According 

to Rego and Kirzenow, for wires with small enough diameter, extremely smooth connections will ensure 

reflectionless contact [72]. P. Kim et al [84] measured the thermal conductance at the junction between 

the CNT and the substrate to be 5 ൈ 10ିW/K at room temperature and the total thermal conductance 

of the sample is 1.6 ൈ 10ିW/K. About 68% of the thermal conductivity is contributed by the intrinsic 

thermal conductivity of CNT. A similar result was obtained on a 66-nm-diameter MWCNT by Yang et 

al [135], they found contact thermal resistance can contribute up to 50% of the total effective thermal 

resistance. According to P. Kim et al [84], outer walls of MWCNTs have greater contribution in thermal 

transport than do the inner walls. Therefore, studies on MWNT usually consider the outer most wall. 

Though the analysis and calculation were for MWCNTs, this conclusion is applicable to SWCNTs as 

well   

Cahill et al. [58] calculated the thermal resistance per unit area to be in the range of ( 1 െ

3ሻ ൈ 10ି଼ mଶK/W. Pop et al. [110] estimated the thermal contact resistance by 𝐴 ൌ 𝑑𝐿, where d=1.7 

nm,  𝐿 ൌ 2 𝜇𝑚. This resulted in a thermal contact resistance of (3 െ 9ሻ ൈ 10 K/W, leading to ~10% 

uncertainty of the total thermal conductivity. Matthew et al. [136] measured a higher SWNT film-

substrate resistance (about 33-46 mm2 K/W) by nanosecond thermos reflectance thermometry. This 

value is higher because the measured result contains residual volumetric resistance. Using experimental 

methods can also separate intrinsic thermal resistance from contact thermal resistance. According to Hsu 

et al. [125], thermal contact resistance and the intrinsic thermal resistance of CNTs can be calculated by 
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measuring the temperature profile, and the calculated ratio ranges from 0.02 to 17 depending on the 

contact conditions and the sample quality. 

If the contact resistance can be eliminated, true thermal conductivity could be higher. A conventional 

method to avoid the influence of contact thermal conductivity is by depositing metallic drops on the 

tube-substrate contact area. In this way, the sample will be sandwiched between the metal and substrate, 

and decrease the thermal contact resistance. Choi et al. [119,118] used the 3 െ ω  technique with 

deposited Pt on the tube-substrate contact region by EB method. The measurement results on several 

MWCNT samples of different lengths and diameter implied negligible contact resistance. Pettes et al 

[113] measured three samples after Pt-C deposition, compared with no deposition result, the contact 

resistance was about 12-54% of the total thermal resistance.  

A second problem is related to the sample preparation, as the suspended thermometer is of rather small 

size, it is challenging to put the sample at the right place. One method is to grow CNT right on the 

structure [112, 129, 130, 137]. The advantage of this preparation method it provides clean samples. But 

the sample cannot be selected and number of CNTs is difficult to control. Another method is to put grown 

samples on the structure whether by spin coating a solution containing CNTs [112, 119, 122], placed by 

a nano-probe [107, 137] or use a PMMA to transfer CNTs [138]. But the selectivity of using a CNT 

solution is not satisfying because commercially purchased CNT samples have different sizes in diameter 

and length [122]. Kodama et al. [134] introduced a selective way by first spin-coat samples on a substrate 

and then fabricated the structure for a selected sample.  

Ⅴ. CNT-CNT BUNDLES 

Measured results on thermal properties of mesoscopic and bulk materials like CNT bundles, mat and 

films composed of CNTs seem to lose the outstanding performance that single CNTs showed. Despite 

the quasi-one-dimensional physical property [4], the advantage of high thermal conductance of CNT is 

suppressed by packing fraction, interface resistance between CNTs, boundary resistance between CNTs 

and substrate as well as defects [13]. Take graphene as an example, experiments and simulations on 

single-layer graphene shows higher thermal conductivity than few layers [91]. Measured thermal 

conductivity of single-layer graphene could reach up to 5000 W/m K [11, 12], while increasing the layers 

reduces the thermal conductivity to about 1000W/m K [139-141]. Similar results happened for carbon 

nanotubes. Single-walled carbon nanotube have rather high thermal conductivity, surpasses that of CNT 
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mats whose thermal conductivity are only tens of W/m K. Heo [142] measured thermal conductivity of 

randomly packed CNT mat with thermal conductivity ranging from 0.12-0.20 W/m K. Comparably low 

values were also observed by Prasher et al. [143], with measured thermal conductivity ranging from 

0.155-0.194 W/m K. The low thermal conductivity of CNT films was thought to stem from the large 

contact thermal resistance between individual CNTs. 

 Weak nonbonding van der Waals interactions among CNTs is responsible for the spontaneous self-

assemble into interconnected bundles and mats [60,144]. Figure 5-1 shows a transmission electron 

microscopy observation of SWNTs packed in a hexagonal bundle. Simulations by Volkov et al. [145] 

applied tubular potential for thousands of nanotubes with micrometer length and showed the interaction 

between CNTs is the driving force for nanotube alignment and bundle generation. Feng et al. [146] 

observed bundle formation when annealing horizontally aligned SWNTs. But when the density of 

SWNTs is low, the formation is highly suppressed. A similar phenomenon is observed in CNT films, 

mats and fibers [144, 147, 148]. To fully elucidate the heat transport process in these materials, accurate 

models are needed to address the inter-CNT contact resistance and to link it with the different 

performance from a single CNT to its bulk counterparts. In this section we will discuss efforts to account 

for the interface influence in CNT bundles and discuss thermal performance of CNT bundles. 

  

FIG.5-1 TEM image of SWNTs organized into bundles. Insect is cross sectional view of a SWNT bundle,  

A. MODELING OF CNT BUNDLES 

A CNT bundle is a collection of CNTs tightly packed in a parallel, arrangement. Its thermal property 

is related to a single carbon nanotube yet more complex. Hone et al. [108] used specific heat to clarify 

the thermal properties of SWNT bundles, and found a cross over from 3D to 1D behavior for strongly 

coupled bundles and from 3D to 2D for weakly coupled bundles. The cross over regime depends on the 
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relation between transverse Debye energy and the lowest optical phonon sub-band energy. (As shown in 

Figure 5-2) The phonon structure of a strong coupled bundle shows 3D characteristic at low temperature 

and reflect the isolated SWNT property at higher energies [108]. However, weakly coupled ropes may 

have little influence on thermal conductivity of each SWNTs in the bundle, therefore, SWNT in a weakly 

coupled bundle showed linear temperature dependence at low temperatures [108].   

Sauvajol et al. [149] calculated a phonon dispersion relation for identical, infinitely long SWNTs 

hexagonally packed into a bundle by a valence force field together with Lennard-Jones potential to 

describe van der Waals inter-tube interactions. Parameters adopted are the same as Lu and Yang [150]. 

Assumptions in their calculation was that each SWNT remains circular despite the inter-tube interaction 

and all SWNTs are identical in the hexagonal lattice. Figure 5-2 illustrates some atom vibration modes 

for isolated tubes and tube in bundle at low and high frequency. It is obvious that inter-tube interactions 

lead to noticeable frequency shifts for low frequency modes. However, for high frequency modes, 

frequency differences are not significant, only about 0.1-2% [151, 152]. It is worth mentioning that the 

liberation of twisting mode at k=0, the intertube interaction gives rise to a non-zero frequency (measured 

to be range from 2 to 6meV [153]), implying a loss of twist in the bundle, different from isolated SWNTs. 

   

Figure 5-2. Sketch of the atomic displacements for specific vibration modes of (9, 9) SWNT isolated (upper row) 

and in a bundle (lower row). (a) is low frequency modes, (b) is high frequency modes. 

For SWNTs in bundles, the vibrational density of state (VDOS) at zero frequency has non-zero VDOS, 

while SWNT VDOS is zero [149]. For (10, 10) SWNTs in bundles, the phonon dispersion relation is 

shown in Figure 5-3. When the energy is above 15 m eV, the profile of energy is similar to the dispersion 

curve for an isolated SWNT [149]. This relation verifies the results from Hone et al. [108]. 

Yan et al. [60] started from the kinetic model of thermal conductivity: 
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κ ൌ  𝐶𝑣
ଶ



𝜏 ൌ  𝐶𝑣
ଶ 𝜏𝜏

𝜏  𝜏

 

where 𝐶 and 𝑣 are specific heat and group velocity of q phonons. 𝜏 denotes the relaxation time, 

expressed by the combination of boundary scattering process, 𝜏 and three phonon umklapp scattering 

processed, 𝜏. The relaxation time of boundary scattering process 𝜏 is taken as 50 ps [101], and for 

the Umklapp process, the relaxation time is derived from first perturbation theory: 

1
𝜏

ൌ
4𝛾ଶℎ

3


𝐹ሺ𝜔, 𝑣, 𝑁ሻ
𝜌

ᇲ

 

with the selection rule: 

𝑞  𝑞ᇱ ൌ 𝑞ᇱᇱ  𝐺 

ω  𝜔ᇱ ൌ 𝜔ᇱᇱ 

where 𝛾  is the Grüneisen parameter, 𝐹൫𝜔, 𝑣, 𝑁൯ ൌ ሾ𝜔𝜔ᇱ𝜔ᇱᇱሺ𝑁
ᇱ െ 𝑁

ᇱᇱሻ/𝑣
ଶሿ𝛿ሺ𝜔  𝜔ᇱ െ 𝜔ᇱᇱሻ  with 

𝑁
ᇱ  and 𝑁

ᇱᇱ the occupancies of the 𝑞ᇱ and 𝑞ᇱᇱ phonons. h is the Planck constant and  ρ is the mass 

density. With the phonon dispersion relation calculated by Sauvajol et al. [149], Yan et al. [60] calculated 

the thermal conductivity of a (10, 10) carbon nanotube bundle in axial and perpendicular directions, as 

shown in Figure 5-4. Consistent with Yan et al. [60], Zhigilei et al. [154] reached the same conclusion 

that inter-tube interaction plays a negligible role by performing NEMD simulation on thermal 

conductivity of CNT in a bundle. However, from simulation results on graphene and graphite, Berber et 

al. [9] predicted a reduction of thermal conductivity when a CNT is brought to form a bundle. 

         

                                                   

 

Figure 5-3. Phonon dispersion relation of a (10, 

10) SWNT in a bundle 

Figure 5-4. Thermal conductivity of (10, 

10) carbon nanotube bundle in axial 

direction and perpendicular direction. 
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As stated in the model of Sauvajol, the assumption is that all tubes in the bundle are identical. But in 

experiments, bundles could consist of CNT with different chirality [155] and diameters [156]. Shang, 

Ming, Wang [20] provided a formula for calculating the total thermal conductance of CNT bundle: 

𝐾௨ௗ ൌ  𝑁௧௨𝐾௧௨



 

where D is the diameter of CNT, 𝑁௧௨  is the number of CNT with same diameter D, and 𝐾௧௨ 

denotes thermal conductivity of CNT with diameter D. Normally, D follows a Gaussian distribution with 

mean diameter of 𝐷ഥ and a standard deviation 𝜎: 
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where 𝑁௨ௗ is the total number of CNTs in the bundle. This formula can be extended to thermal 

calculation of mixed bundles of SWNT and MWNT, and also applicable for pure MWNT bundles. 

Through MD simulation and theoretical models, Zhigilei et al. [50,154] found there is crossover from 

an intertube-conductance–dominant regime to an intrinsic-conducting-dominant regime. Bundle thermal 

conductivity is describing with two formulas: 
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where 𝑁௦ , 𝐵 , A,  �̅�ଶ െ �̅�ଵ  denotes the number of full shells, Biot number, and cross-sectional and 

relative displacement of CNT ends, respectively.𝑔ሺ∆തሻ ൌ  ሾ𝐻ሺ1 െ ∆തሻሿଶ is the number of shells in the 

bundle and 𝑓ሺ𝑁௦, 𝐵ሻ is the thickness function. This theoretical model fits well with simulation work.  

Using this model, the thermal conductivity of CNT bundles in the length range from 20 nm to 4 μm 

demonstrate strong dependence on individual CNTs consisting of a bundle and the cross over from inter-

tube-conductance-dominant regime to intrinsic-conducting-dominant regime is likely to occur [154].  

B. CONTACT THERMAL RESISTANCE 

The interfacial thermal resistance forms a barrier for heat carriers from different phases and prevents 

thermal transport. Because of the challenge in accurately modeling interfaces of CNT-CNT contact in 

bundles, MD simulations have been performed to analyze parameters that affect energy transport 
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between CNTs in bundle. Such parameters include, but are not limited to length, junction angle, pressure, 

chirality, tube-tube space and diameter. Such atomistic modeling is computationally costly and not 

applicable for systems with large number of atoms; atomic and mesoscopic simulation are used to 

explore the above mentioned parameters.  

Chalopin et al. [157] has shown CNT interface conductance had an upper bound for all chirality; 

simulated values were below 100 pW/K for temperatures ranging from 5-1000 K [157]. Simulation 

results of Prasher et al. [143] were about 50 pW/K, and fall in this range. In reality, CNT-CNT junctions 

exist in large numbers in CNT materials thus the simulation of single junction always overestimates the 

thermal conductance [143, 158].With MD simulations, Maruyama et al. [159] calculated thermal 

boundary resistance between (5, 5) carbon nanotubes to be 6.46×10-8 m2K/W. This result is slightly 

lower than [161] at the order of 10-7, but comparable to experiment measurements. An order of 

magnitude inter-tube thermal resistance of 5.67×10-9 m2K/W is calculated for overlap length ranging 

from 10-45 nm [50, 154]. This lower inter-tube thermal resistance was assumed to be a result of the 

usage of periodic boundary conditions rather than fixed boundary condition [50, 154]. Comparable 

values were obtained by similar simulation in [51] for 25-75 nm long CNTs, ranging from 4×10-9-6×

10-9 m2K/W. According to Zhong and Lukes [160], inter-tube conductance is an overlap length dependent 

value. For overlap increases from 2.5 nm to 10 nm, intertube conductance decreases from 0.0065 W/mK 

to 0.0018W/m K for 20 and 40 nm long CNTs simulated. But Zhigilei et al. [50, 154] reasoned this is 

because both the model length and overlap length in Reference 161 is short. In the Zhigilei et al. [154] 

work, overlap lengths of 10 to 95 nm were calculated for 200 nm CNT models; no significant decrease 

was observed from the simulation result. 

Contact density is a topic vastly discussed by many researchers but there has been  no conclusion 

until now. Prasher and coworkers [143] showed that two junctions placed closer than the coherence 

length of phonon transport in CNT decrease the inter-tube thermal conductance more dramatically than 

single junction. On the other hand, Hu and Mc Gaughey [161] calculated a 20% drop of thermal 

conductance when neighboring junctions are separated 10-20 nm for 60 nm CNTs, but for other 

simulated results, neighboring junction has a negligible effect. Zhigilei et al. [50] found no relationship 

between inter-tube thermal conductance and the presence of neighboring junction.  

Much research work has concentrated on the angle, θ, between CNTs and its effect on junction thermal 

conductivity. Through simulations on different CNT-CNT angles, Yang et al. [162] found that the 

junction is easier to form and stay stable for small angles. Zhigilei et al. [50] suggested that for θ  35°, 
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the van der Waals forces would overcome original force and form a complete alignment of the two CNTs. 

Chalopin et al. [157] obtained thermal conductance of the same order for θ = 90° and for aligned 

junctions [160], implying trivial effect from the angle θ. In sharp contrast, Evans [163] simulated a 

strongly cross angle dependence of thermal conductivity and showed thermal conductivity is largest for 

parallel tubes and they mentioned the relationship of angle and contact area. Zhigilei et al. [50] further 

converted this problem to a matter of interatomic inter-tube interactions per atom, defining the effective 

contact between CNTs, and the simulation results indicate the effective contact is enhanced between 

CNTs with small angles. Simulation results suggested that aligned bundle have thermal conductance 

higher than that of a randomly oriented CNT network. This is consistent with previous research [160, 

164, 165].  

Zhong and Luke [160] predicted from MD simulations that interfacial resistance increases with 

increasing tube-tube space and decreases with increasing contact area. This is further confirmed by other 

researchers [157, 143]. Zhigilei et al. [145] adopted a continuum approach describing interactions 

between graphite structures at mesoscopic levels depending uniquely on the distance between interacting 

objects. From the work of Zhigilei et al. [145], the heat conduction path in a bundle will depend strongly 

on the thermal transport direction. For a tightly packed bundle structure, the CNTs contact with each 

other contributes a circumferential bypass pathway to perpendicular conductivity, thus increasing 

thermal conductivity of the structure [145]. From Evans et al. [163], extra inter-tube pressure not only 

enhances the van der Waals bdingin and the stiffness decreases with tube-tube space, but also increases 

the effective contact area.   

Junction thermal conductance would be enhanced with increasing CNT length [161]. This is because 

a longer CNT contributes more low-frequency acoustic phonons carrying heat in the system and high-

frequency phonons must couple with low-frequency ones to transfer energy across junctions [157, 163]. 

But there is a convergence of values of such junction conductivities [157, 50, 161, 163] due to 

suppression of phonon frequencies above a few tens of terahertz, and this value varies with potential or 

boundary conditions. As reported by Zhiglei et al. [154], bundle thermal conductance has a rather 

complex dependence on individual CNT length inside, especially for current CNT materials of length 

range from ~20 nm to ~4 μm. As for decreasing length of CNT bundles, the conductivity drops 

significantly by increasing density of “free” CNT ends inside bundles. 

Shang, Ming and Wang predicted thermal conductance of mixed CNT bundles could be further 

enhanced for high densities and larger bundle widths [20]. Popov et al. [78] found that with increasing 
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size, CNT bundles show T3 dependence similar to that of graphite, indicating a crossover to a 3D 

behavior. However, Aliev et al. [166] used simulations together with the 3-ω method mentioned in 

Section 4 to investigate the bundle size effect on thermal conductivity of MWNT, observing a 75% drop 

of thermal conductivity in MWNT bundle than in single MWNT. 

C. EXPERIMENTAL MEASUREMENTS 

Despite the theoretical and simulation efforts mentioned above that suggested inter-tube interaction 

on defect-free CNT in bundle has little effect [50, 60,154], experimental results seem contradictory. It is 

already a universally accepted fact that weak inter-tube bonding leads to large contact resistance and 

confines energy transfer between carbon nanotubes in van der Waals contacts. In truth, experimental 

experience is not exactly in conflict with theoretical or simulation, because in real bundles, CNTs may 

not be well aligned, with unavoidable defects, packing densities, catalyst nanoparticles etc.  

 

  Figure 5-5 Thermal conductivity as a function of volume fraction for four kinds of CNT materials. Almost all of 

the carbon nanotube arrays and mats show relatively lower thermal conductivity than individuals. The highest thermal 

conductivity of aligned CNT arrays reported by Tong et al. shows a promising future in applications which take full 

advantage of high thermal conductivity of individual CNTs and exceeding 250 W/m K. 

Randomly oriented CNT mats and films show rather low thermal conductivity [143, 167, 168]. In 

contrast, vertically aligned CNT (VACNT) arrays seem to have improved thermal performance. Figure 

5-5 shows the thermal conductivity of bulk CNT materials as a function of volume fraction. Hone et al. 

[169] produced thick films of aligned SWNT arrays by suspending them in strong magnetic fields, 

yielding thermal conductivities over 200 W/m K in the parallel direction. Fischer et al. [170] and Gonnet 
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et al. [171] measured parallel thermal conductivity of about ~50W/m K and ~45W/m K respectively. 

Anisotropic ratio in the above mentioned references are ~3 to 9, indicating the morphology dependence 

of thermal conductivity, which is rather important for commercial applications in order to take advantage 

of carbon nanotube composite. This conclusion is also applicable for MWNT yarns and mats. Aliev et 

al. [172] determined thermal conductivity of MWNT mats and yarns and their findings show MWNT 

composites exhibit strong anisotropic thermal properties and high degree of long tube-tube overlap in 

yarns substantially reduces tube interconnection resistance.  

In addition, compressive stress improves inter-tube contact and tube-substrate contact, thus reduce 

thermal resistance at interface [173]. Increasing packing density has the same beneficial effect [174]. 

But excessive compressive stress could cause buckling in the VACNT and reduce thermal conductivity. 

This is assumed to be caused by the breakdown of CNTs and increase of phonon scattering [174]. This 

result is further confirmed by simulation. Volkov et al. [175,176] investigated the buckling effect using 

atomistic and mesoscopic simulations. A 75% reduction in thermal conductivity of individual nanotubes 

were observed with buckling angle changing from 20 to 110°. For a CNT film, thermal conductivity was 

20% lower when modeled with a buckling wrinkle [175].  

Figures 5 and 6 show thermal conductance as a function of sample length for CNT bundles. Thermal 

conductivity of SWNTs with similar lengths are also plotted together. In the figure, solid symbols stand 

for SWNTs while hollow symbols denote SWNT bundles. The calculated thermal conductivity of lengths 

from several micrometers to tens of micrometers feature comparable or smaller magnitudes than the 

value for individual suspended SWNT, which are reported to range from 2400 to nearly 10000 W/mK 

[33-44]. This difference between SWNT and SWNT bundles is believed mainly stem from inter-tube 

interactions causing by strong phonon coupling at the inter-tube contacts. Influence of sample quality 

also makes sense to some degree because a combined structure and thermal conductance measurement 

has addressed the enhanced defect scattering of phonons which is inevitable in CNT samples. From the 

figure, an L-α trend can be seen for SWNT bundles, which is a sign that sample length exceeds that of 

the phonon mean free path and is no longer the dominant parameter for thermal conductivity. But there 

exist some data that seem to conflict with the discussion above in reporting CNT thermal conductivity 

for samples with small lengths and small thermal conductivity. For example, the thermal conductivity of 

a 2.5 μm SWNT bundle measured by Feng et al. [146] is smaller than that of 5 μm SWNT bundle. But 

when it is considered that the size of the sample is large, namely thirteen SWNTs bundled together, it is 

apparent that the diameter that confines the thermal conductivity of SWNT bundle.  
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Figure. 5-6 Thermal conductivity as a function of sample length. The solid symbols represent individual 

suspended SWNT and the hollow symbol denotes suspended SWNT bundles. 

Determining the exact number of SWNTs in a bundle is difficult even with TEM observation, 

therefore the bundle size effect is seldom discussed in reported works. Several researchers reported data 

that could help reveal this issue. Aliev et al. [166] used simulation together with the 3-ω method 

mentioned in Section 4 to investigate the bundle size effect on thermal conductivity of MWNT. They 

observed a 75% drop of thermal conductivity in MWNT bundles compared to a single MWNT. As shown 

in Figure 5-7 (a) and 5-7 (b), thermal conductivity is plotted as a function of bundle size and as a function 

as bundle diameter. These figure illustrate the bundle size effect. If these figures are assumed, the 

identical inter-tube forces, same packing morphology and same SWNT diameter, bundle size and bundle 

diameter could be treated equally. Unlike isolated SWNTs, CNT bundles could have diameters in a large 

range, therefore, the size dependence and diameter dependences can be observed more clearly. 
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Figure. 5-7 (a) Thermal conductivity as a function of numbers of CNT in a bundle, and (b) thermal conductivity 

as a function of bundle diameter.   

From the figure, thermal conductivity decreases with increasing bundle size and for CNT bundles, 

and this decrease is much quicker for SWNT bundles than MWNT bundles. This phenomenon is 

concluded to be a result of inter-tube interaction that strongly increase inelastic scattering involving 

phonons from neighboring SWNTs. As calculated in the work of Bagatskii et al. [168], radio thermal 

expansion of SWNT in a bundle increases with temperature and enhances the interaction with each other. 

This phenomenon was proved to strongly quench phonon modes in SWNTs thus leading to a very low 

thermal conductivity [146, 167]. Feng et al. [146] fitted experimental results with kinetic theory and the 

results indicate that the probability of scattering with neighboring SWNTs increases. From their 

experiment, thermal conductivity of bundles is related to the thermal conductivity of isolated SWNTs 

via the relation: κ = κis (1/1+σ), where σ is related to the number of SWNTs in a bundle and is inversely 

proportional to temperature. With that model, at room temperature the thermal conductivity was reduced 

to 1/10 in a four-SWNT-bundle, 1/13 in a eight-SWNT-bundle and 1/15 in a thirteen-SWNT-bundle. 

Although the data shown in Figures 5-7 is at room temperature, similar trends are observed over a large 

temperature range. Experimental results measured by Kodama et al. [134] of bundle thermal 

conductivity with diameter from 6 nm to 22.2 nm seems to obey no rule. And from the Hsu et al. [125, 

127] work, smaller diameters even have smaller thermal conductivity than larger ones. However, bundles 

containing five SWNTs have smaller diameters than bundles with four SWNTS, which indicates a loose 

packing morphology. According to simulation works [163, 166], reasonably tightly packed SWNTs 

would increase effective contact area and contribute a circumferential bypass pathway for phonon and 

thus increasing thermal conductivity. Recall what we discussed that theoretically, impact factors 

including inter-tube distance, angle, external pressure and these parameters can hardly be controlled or 

even measured or calculated in experiments. Assuming a perfectly well aligned morphology of CNT 

bundles is a simplification, experimentally observed CNT bundles often show a randomly bundling 

method, and are not strictly well aligned. Thus the portion to which thermal properties will be influenced 

by these factors could not be decided based on present experimental knowledge. 

Ⅵ. CARBON NANOTUBE COMPOSITE 

From section 3 to section 5, we discussed the thermal properties of carbon nanotube and bulk 

counterpart. However, the small size of carbon nanotube presents limitations and is not ideally applicable, 
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therefore seeking breakthrough from carbon nanotube composites is sought, like CNT-polymer 

composites, CNT-ceramic composites and CNT-metal composites. Up to now, the most extensively 

studied properties of carbon nanotube composite properties are mechanical and electrical [177-181]. In 

this review paper, we mainly focus on thermal related properties of carbon nanotube composites. Among 

the three kinds of composited mentioned, CNT-polymer composites have shown most promise for their 

thermal potential. Thus in this section, we’ll talk about CNT-polymer composites. 

A. CARBON NANOTUBE-POLYMER COMPOSTING PROCESS 

  Compositing processing of CNT-polymer composites usually fall in the following three classes: 

purification, dispersion and functionalization. Recent years have witnessed the progress in these 

processes [178, 179, 182, 183]. 

1. Purification 

Mass produced CNTs usually contain impurities (carbon particles, catalyst particles or amorphous 

carbon) that prevent the full usage of their intrinsic properties. To remove the unwanted impurities. 

Physical separations including centrifugal separation, size exclusion, microfiltration or sonication are 

options [182, 184, 185]. Thermal annealing is an interesting way to transfer amorphous carbon into sp2 

carbon on the outer wall of a carbon nanotube [186]. Or oxidation in air, oxygen, water and H2O2 could 

etch the amorphous carbons [182, 186-190]. Removal of catalyst particles is achieved by reacting 

catalyst with acid or alkaline [191]. The procedures may be effective for certain kinds of impurities, thus 

the purify procedure is usually a sequential combination of many steps. To prevent secondary pollution, 

the purification process should be well tailored without causing damage to the raw CNT products. 

However, it is still a challenge to efficiently organize the existing procedures for purification of CNTs 

[186].  

2. Dispersion 

CNT in a polymer matrix acts as a filler to alter the mechanical, electrical, thermal and other properties 

of a polymer. Therefore, large interface areas is essential to guarantee effective reinforcement. The most 

common way is to mix the CNTs and polymers in a solvent and then evaporate the solvent. But there are 

extreme difficulties in properly distributing CNTs within the polymer matrix. One reason is that 

commercial CNTs are often fabricated in the form of bundles or entanglements instead of well-separated 

individual CNTs. Thus their mechanical, electrical or thermal properties will be diminished compared 
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with theoretical predictions [192, 193]. CNTs are of nanoscale dimension, and large number of CNTs 

exist within a very small volume. Take CNT and Al2O2 as example, for the same volume 1.0 mm3 and 

0.1 Vol. %, the two kinds of fillers has particles number of 4.42×108 and 1.9 respectively [194]. This 

brings about tremendous problem for uniformly disperse CNT particles in polymer matrix and further 

prevent the reinforcement in various properties.  

Techniques like power ultra-sonication [194], calendaring [195, 196], ball milling [197], stir and 

extrusion [198, 199], and surfactant assisted processing [200] have been proven to disperse CNTs in 

polymer a matrix. Dispersion processes may cause change to the CNT sample, for example, bulk milling 

process could shorten the length of CNTs [179].  

3. Functionalization  

Before giving details about functionalization, it is necessary to mention that carbon nanotube dispersed 

with no treatment interact with the surrounding matrix mainly through van der Waals forces [185, 194], 

which are unable to transfer load through the CNT and polymer interface. To form a stable connection 

with the polymer, proper surface modification of CNTs should be carried out. Several functionalization 

methods have been developed, including, but not limited to: covalent functionalization, non-covalent 

functionalization, surfactants as supramolecular adducts, and defect functionalization [200-209]. 

Covalent functionalization is a chemical way of creating strong bonds between nanotubes and polymers 

via several existing approaches [200]. The translational symmetry will be changed from sp2 to sp3, and 

in this way the electronic and transport properties could be influenced [201]. Figure 6-1 (a) illustrates 

this process. Functional groups such as –COOH are created through oxidation as a precursor for further 

chemical reaction to form linkages with organic or inorganic chains [202]. Functionalization changes 

the CNT-CNT interface as well as CNT-polymer interface, and may change the thermal conductivity of 

CNT-polymer composite significantly.  
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Fig 6-1. (a) Covalent oxidation of CNT and following reaction with amines and alcohols [177]; (b) and (c) are 

non-covalent methods (polymer rapping and surfactant adsorption) [194] 

A non-covalent composite is a physical process that involves absorption and/or wrap of a polymer 

with the CNT together via π-stacking interactions [177, 203, 204]. Compared with covalent 

functionalization, this method doesn’t destroy the surface of CNT side wall, and causes no change to 

CNT’s properties. Schematics of two example of non-covalent method is shown in Figure 6-1 (b) and 

(c).  

The secondary effect of functionalization is to make CNTs less likely to aggregate together and ensure 

better dispersion. Raw CNTs tend to aggregate together, forming clusters with dimension of several 

microns. CNTs with functional groups would distribute individually or within small clusters. 

Functionalization methods could be found in reported works such as [179, 183, 194, 205-209] and have 

been proven to effectively disperse CNT in polymer matrix. 

4. Fabrication of CNT-polymer composite 

To some extent, fabrication of CNT-polymer composites and dispersion processes largely overlap with 

each other. The most commonly used method is solution mixing [179, 194, 210]. Both CNTs and 

polymers are mixed in a solvent and sonification or other dispersion methods are adopted to get a 

satisfying homogeneous mixture. Lastly the solvent is removed by evaporation [211]. However, not all 

polymers are soluble. For insoluble polymers, CNT-polymer composites could be processed by melting 

a polymer and mixing it with CNT materials [194]. The composite could be melt many times to reach a 
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satisfying dispersion, but this process is not efficient and is limited to low filler concentration composites 

[194, 212]. For industry production, a relatively new, efficient and reliable approach called Latex 

technology is used. Latex is colloidal of dispersed polymer in an aqueous environment. CNT materials 

are dispersed in an aqueous surfactant solution, and then mixed with the Latex [194, 213]. The most 

tailored way to obtain high CNT weight fractions and high uniformity is with in situ polymerization. In 

this method, CNT are dispersed in a monomer and followed by polymerization reaction. In situ 

polymerization is the main way to fabricate epoxy-based nanocomposites [194, 210, 214, 215]. 

B. MODELING OF CARBON NANOTUBE-POLYMER COMPOSITES 

1. Basic theoretical modeling 

For heterogeneous system media, effective thermal conductivity can be expressed by the Maxwell-

Garnett (MG) approximation [216]. This MG approach has been confirmed to be applicable for matrix 

based composites with low-filling ratios. Based on the conventional theory, modifications have been 

made to describe carbon nanotube-based composites. 

Nan et al. [217] investigated effectivity thermal conductivity of CNT-based composites starting from 

a rigorous solution: 𝐾 ൌ 𝐾  〈𝑇〉ሺ𝐼  〈𝐺𝑇〉ሻିଵ, where Ke denotes the effective thermal conductivity, 

K0 is the constant part of the homogeneous value, T is transition matrix, I denotes unit tensor, and G is a 

Green’s function. They made several simplifications and assumptions to the above equation including: 

ignore inter-particle multiple scattering, assume CNTs uniformly dispersed in the matrix, and assume 

effective CNT-matrix interface transport. The calculated effective thermal conductivity was given as: 




ൌ 1 



ଷ
                                    (6-1) 

Km, Kc and f in the formula are thermal conductivity of the matrix, thermal conductivity of SWNT, and 

the volume fraction of SWNT. As Kc/Km≫1, the second part of the right side could be seen as enhanced 

thermal conductivity with addition of SWNTs into the system. However, compared with reported 

experimental works, formula 6-1 seems to overestimate the effect of SWNTs. The authors gave three 

possible reasons: waited to be improved composite quality, SWNT-polymer interfacial thermal 

resistance and aggregation or twist of SWNTs in composites. The effective media theory was used by 

many researchers to model composite with MWNTs fillers [218]. 
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2. Basic simulation modeling  

A CNT-polymer MD simulation model requires proper models for CNTs, polymers and the 

interactions between them [219]. Duong et al. [220] established a computational model based on Monte 

Carlo simulations. 90000 “hot” and “cold” walkers were release from opposite sides of the simulated 

cell and distributed randomly but uniformly on the surface. The walkers were dominated by Brownian 

motion. At the interface, walkers had a probability to move into the SWNT, otherwise they stayed in 

their previous position. Here we use an extended Monte Carlo model as a visual representation, as shown 

in Figure 6-2 [221]. A thermal equilibrium factor Cf was used as a sign of steady state which guaranteed 

that: (i) densities of hot walkers inside the SWNT and inside the matrix are equal; (ii) heat flux into the 

SWNT equals the heat flux from the SWNT to the matrix. After the whole process reach a steady state, 

composite thermal conductivity was calculated through the linear temperature slop. This model matched 

well with experimental works of Bryning et al. [222]. An off-lattice Monte Carlo model is also adopted 

to describe CNT multiphase model and investigate the heat transfer within the system [221]. 

 

Figure 6-2 Schematic plot of the computational model. The pink part and black cylinder represent bulk medium 

and CNTs, respectively. Red dots are hot walkers and white dots represent boundary thermal resistance. The big red 

ball in the center is a third phase and is not discussed here. 

Traditional effective-medium models could not accurately match with experimental data [223]. 

Foygel et al. [224] combined Monte Carlo simulations and the percolation theory to investigate the low-

percolation-threshold (critical volume fraction) of carbon nanotube composites. The percolation model 

proved to be useful for predicting thermal conductivity of CNT networks in composites with high 

accuracy. Haggenmueller et al. [223] has shown that an effective media model could only fit 

experimental data up to 6 vol. % composites while percolation theory is accurate for composites with 

CNTs as high as 20 vol. %. In percolation theory, thermal conductivity increases with increasing fraction 
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value, and the critical fraction value is related to parameters including tube length, diameter, and 

alignment. The aspect ratio is defined as a=l/d (l is the nanotube length and d is the tube diameter) and 

diminishes the critical fraction value as it increases. For fully aligned hard-core nanotubes, the critical 

fraction value is the maximum, 16%, for any aspect ratio. From this calculation, effective thermal 

conductivity of composites can be determined and calculation results agree well with experiment, and 

are quite accurate for CNT-oil suspension. Consistent with Foygel, Wang et al. [225] measured a 40% 

thermal conductivity improvement of chopped SWNT-epoxy compared with neat epoxy resins and this 

value was 20 % higher than pristine SWNT-epoxy composites. However, Shenogin et al. [226] suggested 

that large-aspect-ratios filled polymer composites are good conductors, even un-functionalized, and 

CNTs with aspect ratios smaller than 100 have little benefit on composite thermal conductivity.   

3. Thermal resistance  

As mentioned in 6.1.3, chemical bonds between CNTs and polymers not only change the structures 

of CNTs but also that of the polymer. For CNTs, sp2 bond changing to sp3 is a drawback for thermal 

conductivity since the changed C atom act as scattering center for heat carriers in the CNT and therefore 

lower the intrinsic thermal conductivity of CNTs [226]. On the other hand, chemical bonds linking CNTs 

and polymers decrease the interfacial resistance dramatically thus interface heat flow can be conducted 

effectively. The final effect of these two competing phenomenon is complicated. Enhanced thermal 

conductivity for CNT-polymer composites was observed [226], at the same time, slightly lower thermal 

conductivity was also observed for functionalization-induced defects in CNT-composites [227]. 

According to Gardea and Lagoudas [227], functionalization not only increases defects on CNT surfaces, 

but also breaks the symmetry of carbon nanotubes. The symmetry further influences phonon modes in 

carbon nanotubes, as discussed in section 2. 

Nan et al. [228] further explore equation 6-1 and include interfacial resistance, yielding 




ൌ 1 



ଷ
 

/

ା
మೃೖ಼



                              (6-2) 

where Ke and Km denote effective thermal conductivity and thermal conductivity of the matrix. p is the 

aspect ratio, d is diameter and RK is the interface thermal resistance known as Kapitza resistance. RK 

value is of comparable magnitude with poly-crystals and other composite materials [229, 230], therefore 

it is one of the key factors for thermal conductivity of CNT-polymer composites. Nan et al. [228] plotted 

the degradation of enhanced thermal conductivity as a function of interface thermal resistance. Over a 
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80% drop of effective thermal conductivity was observed from that of a perfect interface to Rk= 1×107.  

 

Figure 6-3. Effective thermal conductance enhancement as a function of interface thermal resistance.  

Based on the diffuse mismatch model [231], Cahill et al. [232] discussed interface thermal 

conductance from phonon modes. For a given frequency phonon, thermal conductance is proportional 

to the density of state at the frequency both for the CNT and the matrix. Therefore, interface thermal 

resistance also arises from poor phonon coupling between the nanotube and the polymer, and from 

dampened phonon vibration matrix interaction [233]. Because phonon modes are related to tube length 

and diameter, they showed that for longer length and bigger diameter, interface thermal conductance 

would increase [232]. However, the increase will reach a constant and will not increase indefinitely. 

Although their model is for octane liquid, this method should be applicable to other systems. Moreover, 

from their simulation work, a 4 Å distance was found between octane and CNT for a large part of the 

octane simulated. This weak physical contact causes more interface resistance. However, physical 

contact depends on surface wettability and some composites were found with good conditions [234,235].  

Another source of thermal resistance come from the contact thermal resistance. Thermal conductivity 

of SWNT networks in composites were quantified to be around 55 W/m K [236]. As discussed in Section 

5, weak van der Waals force banded CNTs together and offer limited path ways for phonons. These 

contact parts not only become scattering sites for phonon propagating along carbon nanotube, but also 

act as a resistance route for phonon transport. 

 For CNTs that span the entire thickness of the composite, the CNT-matrix boundary resistance is 

lower than randomly dispersed CNT-composites. Long CNTs serve as pathways for phonon transport 
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through the composite. Therefore, CNT-matrix boundary resistance is critical for poorly aligned 

composites. 

C. THERMAL CONDUCTIVITY OF CNT-POLYMER COMPOSITES 

From the theoretical calculations of Nan et al. [217], effective thermal conductivity of CNT-based 

composite could be improved more than 500 times, depending on the thermal conductivity of the matrix 

and thermal conductivity of CNT filler. Experimental and simulation work have shown the improved 

thermal conductivity of polymers with CNT fillers. Choi et al. [237] obtained a 300 % improvement in 

thermal conductivity of SWNT-epoxy composites at room temperature with 3 wt % SWNT fillers. 

Biercuk et al. [238] observed a 125 % enhancement in thermal conductivity at room temperature for 

SWNT-epoxy composites. Marconnet et al. [239] got a higher increase of 18.5 for MWCNT-epoxy 

composites along the aligned direction. Thermal conductivity enhancement of CNT-polymer composites 

are shown in Figure 6-4. Though improvement levels for different polymers and CNT fillers vary a lot, 

CNT-composites displayed an observable enhancement for most of the measurements. Lower 

concentration of CNTs yield modest enhancement while higher concentrations yield larger improvement 

[239]. And what's more, the enhancement of thermal conductivity was measured to be very stable [240].  

 

Figure 6-4. Thermal conductivity as a function of volume fraction for randomly dispersed CNT composites. Matrix 

materials in this chart fall into the range of 0.18-0.26 W/m K. 

Theoretical predictions of thermal conductivity enhancement and results of earlier works are shown 

in Figure 6-5 [218]. It’s easy to tell that despite the fact that thermal conductivity has been improved a 

lot, measurement never reached the theory prediction. The reason for these low values arise from 
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resistance, dispersion, functionalization, and alignment, quality of CNT and geometry of CNTs filler.  

 

Figure 6-5 Theoretical predictions of thermal conductivity as a function of CNT volume fraction. Dotted and solid 

lines represent parallel model and series model prediction. Dotted symbols are measurement results. 

Gardea and Lagoudas [227] calculated thermal enhancement as a function of fraction rate with 

different levels of dispersion. Figure 6-6 shows the effect of dispersion on composite thermal 

conductivity. Obviously, dispersed composites feature higher thermal conductivity. Comparing data of 

ten and five minutes milling time, the thermal conductivity was increased by 24% with five more minutes 

of dispersion treatment. Khare et al. 243 obtained an 8 % enhancement of thermal conductivity for 

disperse CNT-epoxy composites. Biercuk et al. [242] compared industry epoxy loaded with 1 wt % 

SWNT and carbon fibers without functionalization. The enhancements in thermal conductivity at room 

temperature were 125% and 40 % respectively. However, the enhancement with CNTs filler has a 

boundary when effectivity thermal conductivity no longer increase with weight fraction of CNT. As 

represented in Figure 6-5. For 5 min and 10 min dispersed samples, thermal conductivity stops increasing 

after the fraction rate exceeds 0.3 %. Moreover, it should be noted that fully dispersed CNTs with little 

or no contact with each other have proved to yield really low thermal conductivity [185]. This is because 

the high CNT-matrix thermal resistance would offset the superiority offered by carbon nanotubes.  
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Figure 6-6. Thermal conductivity of CNT-epoxy composites with different ball-milled times as a function of weight 

percent. 

Functionalization forms better connection between CNTs and matrix as well as benefit dispersion, and 

many works have confirmed the positive effect of functionalization [225, 226, 243-248]. Shenogin et al. 

[226] simulated the chemical bonding on tube-matrix boundary resistance. Thermal conductivity of 

functionalized SWNT-composites show an increase for nanotube ratios between 100 and 1000. 

Nonetheless, their simulation result also displayed negative impact of functionalization on SWNT 

intrinsic thermal conductivity compared with un-treated SWNT. Thermal conductivity of pure SWNT 

was 6000 W/m K, and with 1 % atoms in the tubed became functionalized, thermal conductivity drops 

more than threefold. Similarly, acid oxidization functionalization was found to lead to inferior thermal 

conductance of SWNT-epoxy composites [225]. This could be explained by composite thermal 

resistance, discussed in section 6.2.3, a side effect of functionalization is that it causes defects on 

nanotube side walls, and these defects significantly disrupt phonon ballistic conductance near the Fermi 

level [243]. Thermal transport in composites include ballistic transport in SWNT and diffusion in the 

matrix, hence the superiority of SWNT is offset by functionalization. 

In order to form a highly effective thermal pathway for phonon transport, or enhance thermal 

conductivity in a desired direction, alignment of CNTs in composites is preferred. Alignment could be 

achieved by adding external forces, during fabrication and by using arrays as filler. Choi et al. [237] 

conducted 0, 15, 25 T magnetic alignment on CNT-epoxy composites for 4 hours. AFM images of 
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SWNT-epoxy composites after 25 T treatment confirmed that SWNTs in the composite formed bundles 

and aligned along the direction of the external magnetic field. Treated SWNT-epoxy composites with 

additional 10% improvement was measured [237]. Marconnet et al. [239] fabricated aligned carbon 

nanotube-polymer nanocomposites by infiltrated polymers on carbon nanotube arrays. Thermal 

conductivity was enhanced both in parallel and transverse directions of the CNTs, and increased non-

linearly with the density of array. 

Wei and coworkers [219] showed a 40% in thermal expansion coefficient for CNT-polyethylene 

composite with volume fraction about 8% using MD simulations. Compared with thermal expansion 

coefficients with frozen SWNT constraints and identical other parameters, the enhanced expansion 

coefficient was attributed to the phonon modes and Brownian motion of SWNTs. Similar with expansion 

coefficient, the diffusion coefficient of C atoms in polymer chains war found to be improved in 

composites, especially in the axis direction of SWNT. 

Another obvious change of temperature-related property is glass transition temperature. Glass 

transition temperature is defined as a temperature at which the maximum damping factor is observed 

[246]. Both simulations and experiments [219, 246, 247] have observed an increase in the glass transition 

temperature Tg due to the reduced motion of polymer molecules with embedded CNT filler. Santos et al. 

[179] measured Tg 1 wt % MWNT-polymer composite with Raman and infrared spectroscopies and an 

increase of 40 ℃ of glass transition temperature was observed. However, one exception result was 

simulated by Khare et al. [241], Tg of nanocomposites with dispersed CNTs was ~66 K lower than neat 

cross-linked epoxy. This phenomenon was recovered by further functionalization. 

D. OTHER CARBON NANOTUBE COMPOSITES 

CNT and graphene could work synergistically to improve thermal conductivity of epoxy-composites. 

Shin et al. [240] demonstrated a multi graphene platelet/MWNT-epoxy composite, observed 146.9 % in 

thermal conductivity. MWNTs work as connections between two graphene platelets, resulting in a high 

contact area between the carbon structure and the epoxy matrix. Dispersing CNTs into metals and 

ceramics is more challenging, but recent advances enable in situ fabrication of such composites. More 

noticeable improvements are in the electrical properties and mechanical properties like strength and 

elastic modulus of such composites. Similar enhancement in thermal properties was also observed for 

CNT-metals and CNT-ceramic composites [186]. 
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