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ABSTRACT 

Thermal properties of individual single-walled carbon nanotubes (SWCNTs) have been well documented 

in the literature after decades’ intensive studies. However, when SWCNTs form a macroscale assembly, the 

thermal transport in these complex structures usually not only depends on the property of individual tube, 

but also affected and sometime dominated by inner structural details, e.g. bundles and junctions. In this 

work, we first performed an experimental measurement on thermal conductivities of individual SWCNT 

bundles with different sizes using a suspended micro thermometer. The results, together with the data we 

obtained in a previous work, give a complete experimental understanding on the effect of bundling on the 

thermal conductivity of SWCNTs. With these quantitative understandings, we propose a phenomenological 

model to describe the thermal transport in two-dimensional (2D) SWCNT films. A term called line density 

is defined to describe the effective thermal transport channels in this complex 2D network. Along with 

geometry statistics and film transparency obtained by experiments, thermal conductance of SWCNTs are 

estimated, and the effects of bundle length, diameter and contact conductance are systematically discussed. 

Finally, we extend this model to explain the thermal transport in 2D networks of one-dimensional van der 

Waals heterostructures, which are coaxial hetero-nanotubes we recently synthesized using SWCNTs as the 

template. This extended model suggests that the contribution of BNNTs to the overall performance of a 

SWCNT-BNNT heterostructure film depends on the transparency of the original SWCNT film. The increase 

of the thermal conductance for a highly transparent film is estimated to be larger than that in a less 

transparent film, which shows a good agreement with our experimental observations and proves the validity 

of the proposed phenomenological model. 

 

Keywords: network film model, single-walled carbon nanotube film, boron nitride nanotube, van der 
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1. Introduction 

Low-dimensional nanomaterials have been extensively 
studied in the past decades because of their unique geometric 
arrangement and thereby distinctive properties [1-4]. Carbon 
nanotube (CNT), as one classic one-dimensional (1D) 
material, was proven to have excellent electrical, optical, 
mechanical and thermal properties. In addition to the form of 
individual tubes, CNTs can be readily integrated into two-
dimensional (2D) or three-dimensional (3D) macro-
assemblies by in situ growth or post-growth fabrication 
processes [5-8]. A film of randomly networked CNTs, which 
is a representative form for 2D assemblies, can now be 
produced in large area and widely utilized for applications 
such as transparent conductive film, solar cells, sensors and 
thermal managements [9-11]. Although the property of an 
individual CNT has been well documented after 30 years’ 
intensive studies, the properties of macro-assemblies are 
usually more complex. Their performances in applications are 
affected by not only individual tubes but also inner structures, 
such as defects, junctions, contacts and bundles. Elucidating 
these effects by experiments usually faces many technical 
challenges, so modelling by a numerical or theoretical 
approach is important to understand the complex behavior 
inside of a macro-assembly. For example, investigation of the 
thermal transport in a network structure needs a proper model 
of CNT bundles, a common building block for two- and three- 
dimensional CNT assemblies [12].  

In previous studies, various models have been developed to 
describe the thermal transport mechanism in complex 
structures of CNT assemblies [2]. Kumar et al. [13] used a 
diffusive transport model to explore the thermal conductivity 
of 2D nanotube composite. Their work showed the limitation 
of effective medium approximation method [14] and 
emphasized the importance of inter-tube interactions at high 
volume fractions. Zhigilei et al. [15] developed both analytical 
expressions and numerical models of randomly distributed 
CNT networks. Using soft-core approach and based on 
geometry of the film, thermal conductivity could be 
determined by the intrinsic thermal conductance of CNT and 
interfacial thermal conductance between CNTs. Behnam et al. 
[16] generated a random stick network with Monte Carlo 
process and estimated the electrical conductivity of CNT film 
with Kirchoff’s current law accurately. Except for the detailed 
models, some researchers have treated CNT assemblies as a 
whole entity [17-20]. In the aforementioned models, inter-tube 
junctions are the core factor for modelling CNT films. 
However, due to the difficulty in accurate modeling and the 
difference in simulation conditions, the reported inter-tube 
junction conductance has very large deviations. Moreover, 
CNT bundles, rather than individual CNTs, are the basic 
component in such networks but bundle effects were vaguely 

discussed previously. Besides, CNT networks have been 
recently used as the template to synthesize a 1D van der Waals 
heterostructure, which is a coaxial multi-walled nanotube 
consisting of different materials. [1, 3, 21, 22] Although we 
have confirmed an improved thermal conductance after the 
CNTs are coated by boron nitride nanotubes (BNNTs), the 
mechanism is not fully understood and the existing models can 
hardly describe the transport in such complex structures.  

Therefore, the focus of this study is to find out a simple but 
effective model to evaluate the thermal transport of a 2D film, 
which is composed of purely CNTs or CNT based van der 
Waals heterostructures. The basis of this research is the 
dependence of thermal conductivity of single-walled CNT 
(SWCNT) bundles on bundle size. Firstly, the quantitative 
dependence was derived, as an extension of our previous 
research [12], by additional measurements of individual 
SWCNT bundles using a suspended micro thermometer. In the 
second part, a practical model is proposed for SWCNT films. 
This model is based on results of bundle effect obtained in the 
first part, together with our additional experimental 
investigations on the structure of our 2D SWCNT films. 
Different from previous studies, only the two junctions near 
the ends of CNT are considered. Besides, instead of a 
complete calculation of every thermal transport path, only the 
ones consisting of long CNTs are considered as dominant in 
this model. Thermal conductance could be roughly evaluated 
with geometry statistics of the SWCNT film. With the 
experimental corroboration, this model is further developed to 
van der Waals heterostructure films to verify its effectiveness. 
The structure-sensitive thermal conductance revealed in the 
model points out the feasibility of controlling and directing 
heat flow in nano- and macroscale SWCNT assemblies 
pertinently. 
 

2. Thermal transport model of SWCNT film 

CNT film is a 2D structure where CNT or CNT bundles are 
randomly distributed into a network. Models have been 
developed on such random networks in order to reveal the 
electrical transport mechanism while tuning conditions like 
alignment and area density.[23, 24] 

In this study, the curvature of CNT or CNT bundle in the 
tube axis direction is ignored, as shown in Fig1 (a). The square 
film with size of L L is placed between heat source TH and 
heat sink TC. The SWCNTs and SWCNT bundles are 
randomly distributed and form paths that can conduct heat 
from one side to the other. Among these paths, the ones 
consisting of long SWCNTs with less junctions contribute 
more to the overall thermal transport because junctions greatly 
impede phonon transport greatly. In Fig1 (a), the red path will 
possess higher thermal conductance than the green one. 
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Besides, the junctions at intermediate positions of a bundle 
have little influence on thermal transport, so they are ignored 
[25]. Therefore, the important thermal transport channels are 
those with least number of junctions. Fig.1 (b) is one example 
of the path where SWCNT and SWCNT bundles are 
connecting end to end from left to right. “B” and “J” denote 
bundle and junction in the figure and l, d are the length and 
diameter of the bundle. The equivalent thermal circuit is 
illustrated below. In this way, the thermal conductance G of 

the film can be treated as the production of path thermal 
conductance 𝐺௉ and the number of paths 𝑁௉, shown as Eq. (1). 
The thermal circuit suggests that bundle thermal conductance 
and contact thermal conductance are the two main parts in the 
model.  

 

𝐺 ൌ  𝐺௉ ൈ 𝑁௉                        Eq. (1) 

 
Figure 1. (a) A schematic illustration of the SWCNT film. The red and green paths are two examples through which heat 
transfers from hot side to cold side. (b) Schematic illustration of a conducting path. Length of the distance between two 
contacts is l and diameter of bundle is d. The lower part is the equivalent thermal resistance model of the path, where footprint 
“B” denotes bundle and “J” denotes contact. 

 

2.1. Thermal transport in SWCNT bundle.  

In this section, the basic component in thermal transport 
path, SWCNT bundle will be discussed based on a previous 
experiment study [12],. Bundle size is defined as the number 
of SWCNTs in a bundle and the thermal conductivity has been 
measured in a wide temperature range. Based on our previous 
study, several more samples have been tested and the SWCNT 

bundle thermal transport model has been updated. 
Characterization of the new samples is presented in 
Supporting Information S1. The experiment results are shown 
in Fig. 2 (a) by colored dots. The thermal conductivity of a 
bundle is only slightly lower than individual tube if the bundle 
size is two, but the value quickly decreases when the number 
of CNT in the bundle increases. When the bundle size reaches 
above ten, thermal conductivity tends to saturate to a value, 
which is comparable to that of aligned CNT films[4] .  
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Figure 2. (a) Colored dots in the figure are thermal conductivity plotted against bundle size at different temperatures. The 
experiment data are fitted with Eq. 2 with same color. The dashed black lines are the bulk thermal conductivities when bundle 
size reaches infinite. (b) Dependence of thermal conductance on the bundle size. With increase in the bundle size, thermal 
conducting channels as well as phonon scattering increase synchronously and reach balance at bundle size about 15.   
 

In our previous model, simple kinetic theory is employed 
to describe the transport mechanism with different sized 
bundle, but the bundle size has not been discussed sufficiently. 
[12] In addition to the previous model, bundle size is taken as 
a parameter to show the intensity of phonon scattering. Bundle 
thermal conductivity 𝜅௕௨ is decided by bundle size nb, length 
l and temperature t and is expressed by Eq. (2).  

𝜅௕௨ሺ𝑛௕, 𝑙, 𝑡ሻ ൌ
఑೔ೞሺ௟,௧ሻ

ଵା஺ሺ௧ሻ∗ఝሺ௡್ሻర
                       Eq. (2) 

In this equation, 𝜅௜௦is the thermal conductivity of individual 
SWCNT, fitted by the model from E. Pop’s previous work [26] 
based on the experimental result in this study. More details are 
in Supporting information S2.  𝐴ሺ𝑡ሻ  is a temperature 
dependent parameter and 𝜑ሺ𝑛௕ሻ  reflects the non-linear 
relationship between SWCNT bundle and SWCNT. This 
equation could be expanded by adjusting the temperature, 
diameter or length of the bundle. Fig. 2(b) shows the thermal 
conductance varies with bundle size, indicating that the 
relationship is not linear. The competition between more 
SWCNT and intense phonon scattering leads to a minimum 
thermal conductance at bundle size about 15. 

Considering that the bundle size in the film is random and 
difficult to determine by current techniques, diameter is used 
to give a rough estimation of the bundle size, assuming that 
each bundle is closely packed, resulting in the hexagonal 
cross-section. In this way, the 
𝜅௕௨ሺ𝑛௕, 𝑙, 𝑡ሻ becoms   𝜅௕௨ሺ𝑑௕, 𝑙, 𝑡ሻ  SWCNT film with 

transparency of 87% is examined by transmission electron 
microscopy (TEM) and diameters of 100 bundles are 
measured. It should be noted here that the SWCNT films are 
exactly the same ones reported in Ref. 3 for a fair comparison. 
Frequency histogram is presented in Supporting information 
S3, and the diameter distribution of the bundles in this film is 
denoted as “ 𝑑௕ ” and it obeys lognormal, 
𝑑௕~𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙ሺ2.29, 0.29ଶሻ . Length distribution of the 
SWCNT bundles is adopted from Ref 5 and 6.  

2.2. Mean model 

Contact conductance per area 𝐺஼has been discussed 
a lot in previous researches [4, 18, 19, 27-33], but the reported 
values scatter from 5 to over 100 MW/m2K. Despite the 
aforementioned reasons, contact area between SWCNT is also 
difficult to define. (Supporting information 4). In this work, a 
moderate value of 40 MW/m2K is chosen as contact 
conductance per area, denoted as 𝐺஼ . The contact area S is 
roughly calculated given each bundle is in touch with another 
two bundles and is contact angle dependent. Therefore, 
junction conductance 𝐺୨ of two bundles with contacting angle 

of θ is expressed as 𝐺௝ ൌ 𝐺஼ ∙ 𝑆/ sin𝜃 . Length of the 
SWCNTs also follows lognormal distribution, and the average 
length of the SWCNT is 10 μm [5, 6]. The angles between two 
SWCNT bundles are treated as a uniform distribution between 
[0, 180°] 
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Figure 3.  Simulated frequency histogram of (a) Number of junctions in one path. (b) Thermal conductance of bundles 
consisting one path. (c) Thermal conductance of junctions. (d) Thermal conductance of paths. The average value for the above 

four parameters are: 13, 0.67 nW/K, 0.78 nW/K and 0.027 nW/K, respectively. 

Based on these parameters, 1000 paths from heat source to 
heat sink are generated randomly for an area of 100 μm ൈ
100 μm. Diameter, length and angle distribution follow the 
aforementioned distribution. From the 1000 randomly 
generated paths, frequency histogram for number of junctions 
per path Nj, thermal conductance per bundle  𝐺௕ , contact 
conductance at junction 𝐺௝ and thermal conductance of path 
𝐺௉ are shown in Fig. 3. Here, the  𝐺௕ is calculated based on 
Eq. (2). Besides, thermal conductance of path can also be 
calculated as: 

𝐺௣ ൌ ሺ൫𝑁௝ ൅ 1൯ ∗
ଵ

ீ್
൅ 𝑁௝ ∗

ଵ

ீೕ
ሻିଵ             Eq. (3) 

Using the average value of N,  𝐺௕  and 𝐺௝ , the average 
thermal conductance of path can be estimated with the above 
equation. The average thermal conductance is nearly the same 
as the average value in Fig.3 (d). Hence in the following part, 
Eq. (3) instead of the distribution, will be used to estimate the 

thermal conductance of the film together with the other three 
average values. 

 
2.2.1  Bundle  length  dependence.  Figure 4 shows the 
dependence of 𝐺௣  on various parameters. In Fig.4 (a), the 
dependence on bundle length for various 𝐺஼ is shown. For a 
fixed 𝐺஼, a longer bundle will lead to a higher path thermal 
conductance while the increasing rate drops when the bundle 
length reaches to micrometer. For paths consisting of 
nanometer long bundles, there is a nearly 10 times difference 
in  𝐺௣  for different  𝐺஼ . However, this difference will be 
reduced with longer bundles and it is reasonable to expect 
similar 𝐺௣  when the bundle length keeps increasing. This 
indicates that the path thermal conductance is dominated by 
the contact conductance per area when the bundle length is on 
the order of micrometer.  
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Figure 4. Trend of path thermal conductance with (a) bundle length and (b) contact conductance per area. (a) Four contact 
conductance per area shows same increasing trend when bundle length varies from 0.1 μm to 10 μm. (b) Bundle length of 5 
μm denoted with red lines and 10 μm denoted with blue lines with different contact conductance per area are simulated. For 
same length, different bundle diameter is distinguished with symbols where hollow symbol, filled symbols and star symbol 
represent 5, 10 and 20 nm respectively. 

 

2.2.2 Diameter and contact conductance dependence. 
Figure 4(b) shows the dependence of 𝐺௣  on the contact 
conductance per area for various bundle diameters. It is 
straightforward that the path thermal conductance has a 
positive dependence on 𝐺஼. One thing we want to highlight is 
that the nonlinear relationship between path thermal 
conductance and the bundle diameter. In Fig.4(b), when 
bundle length is fixed, diameter of 10 nm possesses the lowest 
path conductance compared with the other two diameter, 5 nm 
and 20 nm. This is because the bundle thermal conductance 
has a non-linear relationship with bundle diameter, as 
discussed in Fig.2 (b). For SWCNT bundles, a larger bundle 
size means more thermal transport channels but also higher 
possibilities of phonon scattering. The minimum thermal 
conductance is the result from these two competing factors. 
For small bundles, scattering phenomenon controls the overall 
performance, while for large bundles, the number of tubes 
becomes significant. 

2.3. Line density 

Another factor in Eq. (1) is 𝑁௉, number of effective paths 
in the film. In the network structure, each SWCNT or bundle 
is connected with many other SWCNTs or bundles, generating 
a large number of paths. As discussed above, paths consisting 
of short SWCNTs or bundles produce low thermal 
conductivity, contributing little to the film thermal 
conductance. Therefore, effective thermal transport channels 
are paths with less junctions. To estimate the number of paths, 
we introduce line density 𝐷௅ here.  Line density refers to the 

number of SWCNT or SWCNT bundle crossing one line with 
a certain length. As the sample size in this study is assumed to 
be 100 μm ൈ 100 μm, the line density will be discussed on 
𝐿 ൌ 100 μm length. For a SWCNT with length of 𝑙௜ and the 
angle between horizontal line is  𝜃௜ , the possibility of this 
SWCNT crossing one vertically line will be  2𝑙௜ cos𝜃௜/𝐿 . 
(details are in Supporting information S5(a)) Assuming the 
number of SWCNT in this region is 𝑁௧௨௕௘, and the average 
bundle size 𝑛ത௕, the number of bundles 𝑁௕ can be expressed as 
𝑁௧௨௕௘/𝑛ത௕. The number of bundles that crossing the vertical 
line could be written as Eq. (4): 

 

𝐷௅ ൌ෍
𝑙௜ cos𝜃௜

𝐿
ൌ

ே್

௜ୀଵ

𝑙 ̅

𝐿
෍ cos𝜃௜

ே್

௜ୀଵ

 

ൌ
௟ே್̅
௅గ
׬ cos𝜃 𝑑𝜃
ഏ
మ

ି
ഏ
మ

ൌ
ଶ௟ே್̅
௅గ

             Eq. (4) 

 
In our previous experimental research, sheet thermal 

conductance of four samples with different transparencies 
have been measured [3]. The transparencies of the four 
SWCNT film samples are 87%, 72%, 62% and 53%, 
respectively, at the wavelength of 550 nm. The experiment 
result will be adopted as benchmark to evaluate the model in 
this study. The line density of the 87% transparency film 
(shorted as T87) could be counted from the TEM images. 
The  𝐷௅,଼்଻  is 38 per 1 μm, that is 3800 per 100 μm. 
Considering the average length of bundle is 10 μm in Eq. (4), 
the area density will be around 5.97 ൈ 10ହ . To verify the 
rationality of this method, we estimated the area density based 
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on reported papers [8, 34] (Supporting information S5). The 
calculated SWCNT numbers per 100 μm2 of the four samples 
are shown in Fig. S6(b) with pink histogram. Besides, 
monolayer graphene has been used here to verify the number 
of carbon atom when having same absorbance with the four 
SWCNT film. The result is shown in Fig.S6 (b) with green 
histogram. Although there is small difference among the three 
methods at each transparency, the order is the same. This gives 
validity of the line density discussed in here. Therefore, in the 
following part line density will be used in the model with some 
modifications to replace number of paths 𝑁௉. 

Based on the discussion above, equation (1) could be 
further modified to equation (5), where 𝛼 is a correction factor.  

 
𝐺 ൌ  𝛼 ൈ 𝐷௅ ൈ 𝐺௉                  Eq. (5) 

 
In the SWCNT film, SWCNTs form plenty of paths and 

these paths entangle with each other. Two or more effective 
short paths may have the same starting point, which makes 𝐷௅  
much smaller than 𝑁௉, so 𝛼 is introduced here to compensate 

this difference. This 𝛼 is determined by fitting to Eq. (5) with 
experiment data as shown in Fig.5. Here, when  𝛼 = 30 it fits 
well with the experiment data. This indicates that the line 
density is 30 times smaller than the real number of thermal 
transport paths. As we have assumed in the previous 
discussion, many paths of bundles starting from the 
intermediate positions of a long bundle have less contribution 
to the thermal conductivity. We can consider that DL counts 
all these less important paths compared with the effective 
paths described by Np. There are additional two possible 
reasons for this under-estimation. On one hand, although the 
SWCNT film is uniform in large scale, as observed in 
nanoscale regions by TEM, the distribution of SWCNT is not 
perfectly uniform and this will make the counted line density 
larger or smaller. On the other hand, from the definition of line 
density, the possible crossing between these paths are not 
considered, which is possible for real SWCNT film. These two 
reasons together lead to an underestimation of the real number 
of paths. Coincidentally, the deviation between 𝐷௅ and 𝑁௉ are 
similar for all four samples. 

 

Figure 5. Fitting the model to experiment results. The red triangles are the sheet thermal conductance of four SWCNT samples 
with different transparency[3]. The red line is fitted with Eq. (5) and 𝛼 is 30. 

 

3. Thermal transport model of SWCNT‐BNNT film 

When this model is extended to a SWCNT-BNNT film, 𝛼 
and 𝐷௅  stay unchanged while 𝐺௉ will increase because of 
additional BNNT thermal transport channels. Different from 
the long extending SWCNTs, the grown BNNTs are separated 
into small segments by the crossings of SWCNTs in the film, 
as shown in Fig. 6(a). Length of the BNNT segments follows 
a lognormal distribution, as shown in supporting information 
S6. The black lines represent SWCNTs or bundles. The green 
line is a highlighted SWCNT bundle while the dashed purple 
lines represent the BNNT walls. For simplicity, BNNT is only 

shown for highlighted SWCNT. In a SWCNT film, junctions 
other than those at two ends of a SWCNT have limited 
influences on the thermal transport along tube axis. In 
SWCNT-BNNT films, however, these junctions become more 
important in the model because they divide outer BNNTs into 
many segments, which will apparently suppress the phonon 
transport. For the BNNT, segment parts and junction parts 
connect in series and thermal resistance equation could be 
written similarly to Eq. (3): 

𝐺஻ேே் ൌ ሺሺ𝑁ᇱ ൅ 1ሻ ∗
ଵ

ீಳಿಿ೅
൅ 𝑁ᇱ ∗

ଵ

ீಳಿషೕ
ሻିଵ          Eq. (6) 
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where 𝑁ᇱ , 𝐺஻ேே்  and 𝐺஻ேି௝  are the number of BNNT 
segments, thermal conductance of BNNT segment and 
thermal conductance at SWCNT junction, respectively. 
Thermal conductivity of BNNT is believed to be comparable 
to or smaller than CNT[35]. However, the thermal 
conductivity of BNNT is reduced because of the natural 
isotope abundance of boron. Additionally, the BNNT 
wrapping SWCNT bundle has a very large diameter. Here we 
compared thermal conductivities of 500, 1000, 2000 W/mK 
considering the reported 200 W/mK for large diameter 
BNNTs[35]. The as-grown BNNT has 2-10 walls, and for 
simplicity we consider the number of walls to be 4. From the 
TEM image of SWCNT-BNNT film in Ref. 3, the multilayer 
BN wrapped the junction tightly and connecting the BNNTs 

smoothly. Therefore, the  𝐺஻ேି௝ is ignorable and the BNNT 
segments are considered to be perfectly connected.  

Segment length is needed to calculate the thermal 
conductance of BNNTs. It is straightforward that the average 
segment length is proportional to SWCNT density. Thus, 
segment length is exponentially related to film transparency. 
The length of segment is tunable and here we assume it to be 
on the order of hundreds nanometer. It should be noted here 
that the assumed segment length is larger than what observed 
in TEM images. This is because TEM images are projections 
of the film from the top and cannot easily distinguish the depth 
information, that is, SWCNTs crossing with each other in a 
TEM image may be separated in thickness direction. 

  

 
Figure 6. (a) Schematic illustration of the top view the BNNT wrapping SWCNT. The dark grey lines represent SWCNT. Green 
line is to emphasize one SWCNT coated by short BNNT segmentations denoted by purple lines. (b) Thermal conductance of 
SWCNT-BNNT heterostructure film[3] and the fitting lines. Black, purple and red lines represent thermal conductance when 
BNNT thermal conductivity is chosen to be 500, 1000 and 2000 W/mK, respectively. Dashed green line is the increase in thermal 
conductance before and after BNNT coating from experiment result. Dashed purple line is the predicted increase when BNNT 
thermal conductivity is 1000 W/mK. 

 

After integrating the above-mentioned condition into Eq. 
(5), the thermal conductance of SWCNT-BNNT is obtained 
and plotted in Fig. 6(b) together with the measured thermal 
conductance. It should be noted here that the line density 
remains unchanged compared with bare SWCNT film. 
Compared with the bare SWCNT film, the estimated thermal 
conductance of SWCNT-BNNT film is improved more 
efficiently when original SWCNT film has higher 
transparency, which is in a good agreement with our 
experiment study [3]. For highly transparent films, the as-
grown BNNT segments are longer, rendering smaller 𝑁ᇱ. The 
BNNT is treated as connecting with SWCNT bundle in 
parallel. The smaller the BNNT thermal resistance, hence the 
smaller the total thermal resistance. However, in thick films, 
thermal transport channels may consist of bundles in the 

thickness directions and form long paths from one side to the 
other, which will lead to more inter-tube junctions. 
Consequently, a BNNT will be separated into more segments, 
and large 𝑁ᇱ  will result in a very low BNNT thermal 
conductance. Another point worth mentioning is that 
increasing the thermal conductivity of BNNT by two or three 
times will have limited influence on the estimated film thermal 
conductance. This means that the contribution of BNNT 
wrapping to the thermal conductance of the heterostructure 
film is not originating from offering independent thermal 
transport channels but making up the weak points in each path. 
This reveals the most important significance of BNNT coating 
onto SWCNT networks.   

3. Summary 
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In conclusion, the present work provided a simple model 
for thermal transport in 2D network of SWCNT bundles. This 
model could be easily extended to heterostructure films. With 
some basic statistics such as diameter and length distribution, 
the film thermal conductance could be estimated. One 
limitation of this model is that it is not scalable to predict very 
large size film and all the diffusive discussion will not be valid 
when the SWCNT is shortened to nanometer. The present 
model ignore the BNNT influence on SWCNT junctions but 
we consider this influence is very limited. This model 
uncovers the principle of thermal transport mechanism in 2D 
heterostructure films and provides some insights for structure 
design. 
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1. Characterization of the three new bundle samples.  

SWCNT bundles with different sizes are prepared by the same process as our previous 

study [1]. Horizontally SWCNTs grown on r-cut quartz substrate [2] are transferred to 

suspended platinum resistance thermometer, followed by annealing at 400 ℃ for several hours. 

Only the suspended part of SWCNTs could form bundles while those on the thermometer stay 

well aligned. The bundle size could be determined by observing the number of SWCNTs 

extending on the thermometers. In our previous study, sizes of the bundles are: 1, 5, 8 and 13. 

An apparent decrease in thermal conductivity was observed when bundle size was 5. However, 

the decreasing trend is difficult to predict without moderate bundle sizes between 1 and 5. In 

this study, additional three samples with sizes of 2, 3 and 4 were prepared and measured by 

the same process. Given the same design of micro-thermometer, measurement setup and 

experiment condition, it is reasonable to put the result of previous study together with this 

study in the following discussion. 

The as-prepared samples are shown in Figure S1. Each bundle is defined by its 

structure and size. For example, B2 means that the structure is a bundle consisted of two 

SWCNTs. Figure S1(a), S1(b) and S1(c) are sample B2, B3 and B4, respectively. In SEM 

images, all suspending bundles are fairly straight and extending long on the two thermometers.  

Length of the bundle is the gap between two thermometers, which is pre-determined. For all 

the three samples in this study, the length is 3 μm.  

 



 

 

Figure S1. SEM images of three samples. (a) sample B2, gap between two thermometers: 3 

μm; (b) sample B3, gap between two thermometers: 3 μm; (c) sample B4, gap between two 

thermometers: 3 μm. 

 

2. Thermal conductivity of individual SWCNT 

 The 𝜅௜௦ in the fitting lines are plotted against temperature with other two reports in Fig. 

S2[3]. Here we adopt the equation in Ref.3 and fix the length of the tube to 3 μm in accordance 

with our experiment. Then the thermal conductivity 𝜅௜௦ can be rewritten as 𝜅௜௦ (T) = (−5.62 × 

10−7T + 23.96 × 10−10T2 + 9.3(1 + 0.5/3)T−2)−1 , which is a function of temperature. In this 

way, 𝜅௕௨ሺ𝑛௕, 𝑙,𝑇ሻ can be extended to the whole temperature range together with bundle size 

range. 



 

Figure S2. Thermal conductivity of isolated SWCNT as a function of temperature with a fixed 

length. The colored symbols are thermal conductivity from experiments and the corresponding 

lines are the estimated thermal conductivity versus temperature with fitting parameters by the 

model. 

 

3. Frequency histogram of bundle diameter distribution 

 

Figure S3. Histogram of the bundle diameter distribution in 87% transparency film. The 

histogram is fit with the lognormal distribution 𝑑௕~𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙ሺ2.29, 0.29ଶሻ 



 

4. Summary of contact thermal conductance per unit area. 

 

Figure S4. Thermal contact conductance per unit area in previous study[4-13]. The hollow 

triangle is the SWCNT-substrate contact conductance.  

 

5. Area density estimation with three methods. 

 



Figure S5. (a) Schematic illustration of SWCNT with the length of li falling into the hatched 

region. Sample is a square of 100 μm×100 μm. θi  is the angle between the SWCNT and 

horizontal line, within [െగ

ଶ
, గ
ଶ
]. (b) The calculated SWCNT area density from three methods. 

The blue, pink and green histogram represent area density estimated from line density, optical 

method and equivalent graphene. 

 

Here we use three ways for estimating the number of CNT in a certain area. (100 μm2 
in this file): 

(1) Using line density. 

(2) Using Beer–Lambert law based on parameters of SWCNT film. 

(3) Using Beer–Lambert law based on parameters of monolayer graphene. 

 

The basic is Beer–Lambert law: 

 

Λ ൌ െ logଵ଴ 𝑇 ൌ σ ∙ 𝑛 ∙ 𝑙                                                        (1) 

 

where Λ is absorbance and 𝑇 is transmittance. T in this file is chosen as 87%, in consistent 
with experiment. σ,𝑛, 𝑙 are bare optical cross-section, molecular concentration of carbon (cm-

3) and film thickness, respectively.  

The idea is quite straightforward: the number of C atoms in a certain area divided by 
the number of C atom in a SWCNT is the total number of SWCNTs. For a SWCNT film, σ is 
adopted from Ref.14, thus 𝑛 ∙ 𝑙 for (100 μm)2 could be calculated, and then the total C atoms 
in this area is known. For monolayer graphene, area density of C atoms is 3.82 ൈ 10ଵହ/𝑐𝑚ଶ. 

 

(1) Based on line density 

Line density 𝐷௅ of 87% transparent film is 3800 𝜇𝑚ିଵ, and each bundle contains nb = 
20 SWCNTs. Combining with Eq. (4) in main text, the total number of SWCNT is: 

𝑁ௌௐ஼ே்ଵ ൌ
஽ಽ௅గ

ଶ௟̅
ൈ 𝑛௕ ൌ 1.19 ൈ 10଺                                         (2) 

 

(2) Based on optical property of SWCNT film 

 SWCNT absorption has strong anisotropy. When electric field is applied 
perpendicularly to the nanotube axis, absorption is drastically reduced by the screen effect of 



electric field, called depolarization effect. The absorption of SWCNT is expressed by 𝑐𝑜𝑠ଶ 𝜃, 
where  is an angle between the electric field and a nanotube axis as in the figure. 

 

Let’s assume that all SWCNT of random network film are straight and in the 2D plane. 

For random direction of SWCNT, the average absorption for random direction: ׬ 𝑐𝑜𝑠ଶ 𝜃 𝑑𝜃
ଶగ
଴ , 

can be compared with fully aligned nanotubes in parallel to the electric field ׬ 𝑙𝑑𝜃
ଶగ
଴ ൌ గ

ଶ
 case. 

Here, ׬ 𝑐𝑜𝑠ଶ 𝜃 𝑑𝜃
ଶగ
଴ ൌ ଵ

ଶ
׬ ሺ1 ൅ 𝑐𝑜𝑠 2𝜃ሻ𝑑𝜃 ൌ
ଶగ
଴

ଵ

ଶ
ቂ𝜃 ൅ ଵ

ଶ
𝑠𝑖𝑛 2𝜃ቃ

଴

ఏ/ଶ
ൌ గ

ସ
. Hence, absorption 

of random nanotubes relative to parallel polarized case is 
గ/ସ

గ/ଶ
ൌ ଵ

ଶ
. We can express the cross-

section  of random network nanotube as 𝜂ோ௔௡ௗ௢௠ ൌ ଵ

ଶ
𝜎// 

The parameters are adopted from Ref.14 where σ∥ ൌ 90 𝑚ଶ/𝑚𝑜𝑙 at 550 nm (2.25eV) 
[14]. Then 

𝑛𝑙 ൌ  ି ୪୭୥భబ ்
ఎೝೌ೙೏೚೘

 ൌ 1.32 ൈ 10ିଵଵ 𝑚𝑜𝑙/ሺ100𝜇𝑚ሻଶ                           (3) 

This will give 4.01 ൈ 10ଵଶ carbon atoms in this area. For one SWCNT with diameter 
d = 2 nm and length l = 10 μm, the number of carbon atom is: 

𝑛௖ ൌ 𝜋𝑑𝑙𝑁ீ ൌ 2.4 ൈ 10଺ 

Here atom area density 𝑁ீ  is expressed as: 

𝑁ீ ൌ  
2ሺ𝑎𝑡𝑜𝑚𝑠ሻ
𝐴௛௘௫

ൌ  
2

6√3
4 𝑎௖௖ଶ

ൌ
4√3

9
1
𝑎௖௖ଶ

 

Therefore, the total number of SWCNT is:  

𝑁ௌௐ஼ே்ଶ ൌ
௡௟

௡೎
ൌ 3.37 ൈ 10଺                                              (4) 

 

(3) Based on optical property of monolayer graphene. 

From the previous study on graphene, 𝜌஺ ൌ 38.2/𝑛𝑚ଶ, which is carbon atom area 
density. For monolayer graphene, transparency is 𝑇௠௢௡௢ ൌ 97.7%  , so carbon atom 
absorbance is 0.0101. Therefore, for S = 100 μm2 area, to reach the same transparency of T87 
SWCNT film, total number of carbon atom NC is: 

                   𝑁஼ ൌ  ି ୪୭୥భబ ்

ି ୪୭୥భబ ೘்೚೙೚
ൈ 𝜌஺𝑆 ൌ 2.28 ൈ 10ଵଶ                                       (5) 



E field

SWCNT



  Using the number of carbon atoms in one SWCNT 𝑛௖ ൌ 2.4 ൈ 10଺, the equivalent 
number of SWCNT is: 

𝑁ௌௐ஼ே்ଷ ൌ
ே಴
௡೎
ൌ 9.53 ൈ 10ହ                                     (6) 

 

Comparing equation (2), (4) and (6), the evaluated number of SWCNTs from line 
density and monolayer graphene are similar but smaller than optical method result. In general, 
the absorption cross-section for C atom should depend on the electronic structure of graphene 
or nanotubes. The absorption spectra are quite smooth at 550 nm (2.25eV) away from band-
band transitions, so we could expect the same order of the cross-section for graphene and 
nanotubes. Graphene can be regarded as ideal no-bundle case. With the increase in bundle 
size, absorption cross-section should decrease. Hence, the number of SWCNT using the cross-
section obtained from larger bundles will be less. 

 

6. BNNT structure and segment length distribution 

 

Figure S6. (a) TEM image of the SWCNT-BNNT film. (2) Histogram of the BNNT segment 

length counted with 100 data point in (a). The length follows a lognormal 

distribution 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙ሺ3.3, 0.752ሻ. 
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