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  A non-equilibrium molecular dynamic (NEMD) study has been performed to evaluate the 

phonon mean free path (MFP) of a solid material. Solid argon with a Lennard-Jones (L-J) 

potential is selected as a simulation material. The thermal conductivity of a thin film plays an 

important role in the design of nano-electro-mechanical systems (NEMS) or 

micro-electro-mechanical systems (MEMS) since heat removal from these devices is a crucial 

factor for their intended proper operations. The values calculated by using molecular 

dynamics (MD) simulations are compared with the available bulk experimental data when 

possible. It is confirmed that there is apparently a size effect on the thermal conductivity, 

which indicates that the microscale system has a lower thermal conductivity than that of the 

bulk material in the heat transfer direction. The dependence of the thermal conductivity on the 

system size is the result of a reduction in the phonon mean free path (MFP) as the system size 

becomes microscaled, and the MD simulations can be used to predict the phonon MFP of 

such a system. 

 1



I. INTRODUCTION 

 

  Recently, rapid progress in and development of nanometer-sized devices have been 

achieved in micro-electro-mechanical systems (MEMS) and nano-electro-mechanical systems 

(NEMS). For example, nanoscale manufacturing technology has allowed progress from 

large-scale integrated circuits (LSICs) to very large-scale integrated circuits (VLSICs), and it 

is improving the performance of semiconductors with more compacted sizes in related 

industries. The reduced sizes of these devices require them to have an increased ability to 

dissipate the heat energy produced during their operation. Therefore, the analysis of thermal 

phenomena in thin films is crucial to their intended proper operations. 

  Another example is a superlattice, which is an artificial film that does not exist in nature. It 

can be made owing to the recent development of thin-film-deposition technology, which can 

control the thickness to a one-atom layer nowadays. Actually, the kinds of supperlattices are 

unlimited because they can be manufactured from arbitrary selections of any element. Their 

thermal conductivities and extremely high thermal resistances open the possibility of 

applications as new thermal insulators [1-8]. 

  Many studies were carried out to evaluate the thermal conductivity of thin films. Most of 

those studies reported that the thermal conductivity of a thin film was appreciably lower than 

that of the bulk material and that the conventional theory based on a macroscale system, 

which is known as Fourier’s Law, was not applicable to a microscale system [9-15]. However, 

there are neither experimental results nor theoretical results to predict quantitatively the 

variation of the thermal conductivity with the thickness of a thin film. This study was 

performed to clarify how the thermal conductivity varied with changes in the system size 

using a non-equilibrium molecular dynamic (NEMD). Solid argon was selected as a 

simulation material because it can be represented by the Lennard-Jones (L-J) potential of Eq. 

 2



(1), which is the simplest intermolecular potential. Moreover, there is no need to consider the 

contribution of free electrons to the thermal conductivity because argon is electrically a 

non-conductor, which means that energy transportation is caused only by the lattice vibration. 
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In Eq. (1), the first term on the right-hand side presents the repulsive force and the second 

term the attractive force; r is the intermolecular separation between two molecules, σAR the 

diameter of an argon molecule and εAR the depth of the potential well. Figure 1 shows the 

intermolecular potential energy, Eq. (1), between two argon molecules. The intermolecular 

force can be calculated by differentiating Eq. (1) and is given by 
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II. SIMULATION METHOD 

 

  Although solid argon has limited applicability in real situations, it was selected as the 

simulation material because the results can be used as a benchmark with which further study 

of other material systems can be compared. The simulation system was arranged with the 

fcc<111> as shown in Fig. 2. An adiabatic wall, which is composed of 3 layers, is placed at 

the bottom and the top for the purpose of isolating the system from the environment. Another 

3 layers are placed on the adiabatic wall for temperature control. The bottom is controlled at a 

high temperature and the top at a low temperature so that heat flows up (z direction). The x-y 
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plane perpendicular to the direction of heat flow is set as a periodic boundary condition (PBC), 

which mimics well the configuration of an actual thin film [17-19]. 

  The velocity scaling method is used for temperature control and the equation of motion is 

integrated by using the Velocity Verlet method [16-22]. The intermolecular distance is 

determined so as to maintain the system in a free-standing state, which means a system to be 

under the zero stress state internally during a simulation [23-24]. The details that describe the 

intermolecular distance under a freestanding state will be given in the section III-1. 

  Eighteen argon molecules are arranged on x and y directions, respectively, per layer, and 

the system has a total of 30 layers in the z direction. The temperature gradient is measured in 

eighteen layers excluding the temperature control layers (TCLs) and the adiabatic wall at each 

side. The time interval for an iteration of the equation of motion is selected as Δt = 1.0 x 10-15 

s (= 1 fs) and the properties of argon are σAR = 3.4 Å, mAR = 6.634 x 10-26 kg, and εAR = 1.67 x 

10-21 J [16-19]. 

  In the MD simulation the intermolecular force calculation is the most time-consuming 

procedure, so almost all MD codes use the concept of a cut-off length [20-22]. As shown in 

Fig. 1, the intermolecular potential is nearly zero if two molecules are separate by more than 

2.5 σAR. Therefore, it is useless to consider the effects from molecules far from that length 

when calculating the intermolecular force. Generally the recommended cut-off length is 2.5 

σAR [21-24]. However we determined it to be 3.5 σAR from our experience with other 

simulations [16-19]. Our MD simulations consist of a series, in which the first simulation puts 

the system be in an initial equilibrium state at a given temperature and then, it is relaxed 

during some period for the assurance of a fully equilibrated state. In the third simulation, 

controlling each TCLs individually develops a temperature gradient using the velocity scaling 

method described as [20-22] 

 

 4



i

des
ioldinew T

T
vv = .            (3) 

 

In Eq. (3), vnew and vold are the velocities of molecule i after and before the velocity scaling, 

respectively. Tdes is the desired temperature to be maintained and Ti is the instantaneous 

temperature of molecule i. 

  The simulations after the third one are for developing a temperature gradient and are 

performed eleven times, each involving 200,000 iterations (200 ps), however, the first is 

excluded in the evaluation of the thermal conductivity because a transient period is necessary 

for a temperature gradient to develop in a system. Therefore, the thermal conductivity is the 

averaged value over the last ten simulations. The initial equilibrium temperatures are set to 10 

K and 40 K, that is, two cases were investigated. In both cases, after achieving an equilibrium 

state, the temperature difference of 4 to 6 K was created in the system by controlling the 

TCLs. The average temperature of a system in each case was confirmed as 10 K and 40 K, 

respectively, during all simulations although each TCL is set at a different temperature. 

 

III. RESULTS AND DISCUSSION 

 

1. INTERMOLECULAR DISTANCE UNDER A FREE-STANDING STATE 

 

  The thermal conductivity of a non-conductor such as argon might be affected by the 

internal stress because the transport of the lattice vibration energy will be facilitated as the 

intermolecular separation is decreased. When an MD simulation is performed on a microscale 

system, any trivial change in the intermolecular distance results in great internal stress so the 

pressure effect on the thermal conductivity has to be investigated. If that is not done, the 
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calculated thermal conductivity will contain an additional effect due to the internal stress. 

  For the determination of the intermolecular length under a free-standing state, another 

simulation is carried out on the system with 3-dimensional periodic boundary conditions 

(PBCs) shown as Fig. 3, which is different from Fig. 2 because it has no adiabatic wall and is 

a smaller sized system. Each snapshot is an equilibrium state of the system, but at a different 

temperature. The figure shows that the magnitude of a molecule’s motion becomes more 

severe as the temperature of the system is increased. 

  Figure 4 (a) shows the internal pressure calculated by using the virial theorm of Eq. (4), 

which is measured at equilibrium temperatures of 10 K, 40 K and 60 K [17-24]. 
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In Eq. (4), V is the volume of the system, N the total number of molecules in the system, rij 

the intermolecular distance between molecules i and j, Fij the intermolecular force, and <Ek> 

the average kinetic energy of the system during a simulation. The pressures are calculated by 

changing the intermolecular length of the fcc<111> arrangement. Fig. 4 (a) is the 

intermolecular length for which the system is in the zero stress state at respective equilibrium 

temperatures and is determined from a linear fitting of the calculated pressures. The internal 

stress is found to be more sensitive to the intermolecular length when the temperature of a 

system is low. 

  Figure 4 (b) shows the variation of the intermolecular length with the dimensionless system 

temperature for a free-standing state; the results of Brougton and Gilmer [24] and the 

experimental results [25] are also shown for comparison. The results of Brougton and Gilmer 

seem to fit with the experimental results in the low temperature region better than the results 

of this study; however, the overall shape of the curve obtained in this study is much more 
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closer to the shape of the experimental curve. The intermolecular lengths at 10 K and 40 K, at 

which all simulations are carried out to clarify the size effect on a thermal conductivity, are 

ro=1.0969 σAR and ro=1.1115 σAR, respectively, for a free-standing state. The fitting curve 

based on this result can be presented as 
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where C0 = 1.09294, C1 = 3.73333 x 10-4, and C1 = 2.26667 x 10-6. 

 

2. CALCULATION OF THE THERMAL CONDUCTIVITY 

 

  There are two methods for determining the thermal conductivity. One calculates the 

thermal conductivity measuring the temperature gradient that develops in a system under a 

given heat flux while the other does it by the measuring of the heat flux that passes through a 

system under a given temperature gradient. In real experiments, the thermal conductivity is 

generally evaluated by using the former. NEMD intrinsically uses the former method because 

a heat flux is given to a system so that both TCLs can be maintained to any desired 

temperature. The heat flux is determined from the energy applied to the hot temperature 

control layers (HTCLs) or taken from the cold temperature control layers (CTCLs) in order to 

maintain them to any set temperature. Therefore, the heat flux can be calculated by 
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In the above equations, n is total number of iteration in a simulation, and nTC is the number of 

temperature controls performed in that simulation. NL and NH are the numbers of molecules 

included in the HTCLs and the CTCLs respectively. Figure 5 gives examples of a heat flux 

and a temperature gradient obtained from a simulation. The upper line of Fig. 5 (a) is the 

accumulated energy applied to the HTCLs, and the lower line is that taken from the CTCLs. 

From this figure, the system is considered to be fully in a non-equilibrium steady state 

because almost the same heat fluxes exist at the two TCLs. The slopes of these accumulated 

energies are calculated per unit area, and correspond to a heat flux. The temperature gradient 

corresponding to the state of Fig. 5 (a), which is shown in Fig. 5 (b), is the average 

temperature of the molecules per layer over a simulation, and it is a linear fit excluding both 

TCLs. However, the heat flux of the CTCLs is used for the calculation of the thermal 

conductivity because it is an actual heat current out of the system. 

  The size effect on the thermal conductivity is investigated by performing simulations for 

various system lengths in the heat flow direction. The shortest system is six layers except for 

both TCLs, and the system is increased by 6 layers in length up to the longest one of 54 layers. 

Figure 6 shows the dependence of the thermal conductivity on the length. In Fig. 6, the 

experimental data of Dobbs and Jones for a bulk state are also shown for comparison [25]. 
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The simulations are carried out in the way described in Section II so that the calculated 

thermal conductivities are average values over ten simulations for each case. 

  Each error bar shown in Fig. 6 (a) is a standard deviation that shows the distribution of all 

data for each case, that is, 3·σSTD. This figure indicates that the thermal conductivity increases 

as the length of a system becomes longer and eventually becames equal to that of the bulk 

state if the system is longer than a specified length. It is natural to deduce from the linear 

fitting lines of Fig. 6 (a) that a hot system should be lengthy in order to have a thermal 

conductivity equal to that of a bulk. However, it must be noted that the fitting lines do not 

imply the above description at all. The actual situation is rather to the contrary, which means 

that a cold system requires a longer length to have a thermal conductivity equal to that of a 

bulk state, which can be explained based on the concept of the phonon mean free path (MFP). 

Figure 6 (b) shows the same results as Fig. 6 (a) except that the scales of the axes are reversed 

for application of the phonon concept and the figure excludes data shorter than 100 Å in 

length. The details will be described in the next section. Consequently, the fitting lines in Fig. 

6 (a) are only guides for the eye. 

 

3. PHONON MEAN FREE PATH 

 

  The thermal conductivity of a solid material can be interpreted by using the phonon mean 

free path (MFP), which originates from the kinetic theory of gases [26] and is given by 
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In the case of solids, cV, vP, and lP are the specific heat capacity of a phonon, the phonon 

velocity inherent in a material, which is often explained as an acoustic velocity, and a phonon 

 9



MFP while in the case of gases, they represent the specific heat capacity of gases under a 

constant volume, the average molecular velocity, and the MFP between the intermolecular 

collisions, respectively [27]. However, it is impossible to expect a quantitatively accurate 

thermal conductivity from Eq. (10) based on some oversimplified assumptions. Hence, Eq. 

(10) should be considered as providing the qualitative behavior of a thermal conductivity 

from which the thermal conductivity is found to be proportional to the phonon MFP. Also, the 

phonon MFP is well known to become shorter as the system is hotter because the phonon 

population is increased, which causes the collision frequency among phonons to be high. 

Increased phonon collisions prevent the phonons with high energy in the hot region from 

moving to the cold region and vice versa. This means that the energy transport is low; 

consequently, the thermal conductivity is low [19]. Therefore, it can be inferred that phonon 

scattering governs the thermal conductivity. 

  Phonon scattering in a solid consists of four processes, which are collisions among (a) 

phonons, (b) phonons and any defects that exists in the system, (c) phonons and free electrons, 

and (d) phonons and boundaries of the system. However two scatterings, (b) and (c), can be 

completely ignored because there are no free electrons in argon and structural defects do not 

exist in perfect crystals like the ones of this study. The phonon MFP can be written as follows 

if only (a) and (d) are considered [18, 19] : 
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In Eq. (11), lBULK is the phonon MFP in the bulk state and lSYS the length of the system. The 

meaning of Eq. (11) is that lP should be equal to lBULK if the system is in the bulk state, so lSYS 

is infinite. Therefore, lSYS does not contribute to the phonon MFP in the bulk state; however, it 

dominates the phonon MFP as the system decreases in size. Under the condition that the 
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thickness of the thin film is shorter than the phonon MFP in the bulk state, 1/lP will be a linear 

relation in 1/lSYS because 1/lBULK can be treated as a constant. From this interpretation and Eq. 

(10), one can easily understand that the inverse of the thermal conductivity is linearly 

proportional to the inverse of the system size in the direction of heat flux : 
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  Figure 6 (b) emphasizes of the linear relation between 1/λ and 1/lSYS. In this figure, the 

difference between MD results and the experiment is about 10 % in both cases. This 

difference is sufficiently acceptable for engineering purposes and will be reduced if additional 

data for a longer system are included. The form of the fitting line shown in Fig. 6 (b) and Eq. 

(12) should be noted since they eventually have the same forms : 
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From Fig. 6 (b) and Eq. (14), it is clear that the MD simulations provide information on the 

variation of the thermal conductivity of a thin film with changes in its thickness. Aside from 

complete agreement between the thermal conductivities from MD simulations and those from 

experiments, the thermal conductivities of thin films can be determined from the slope of the 

fitting line and the intersection with the vertical axis. If we accept the intersections with the 

vertical axis in Fig. 6 (b) as the thermal conductivity of solid argon in the bulk state, λBULK@10 
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K is 3.333 W/(m·K) and λBULK@40 K is 0.604 W/(m·K). The phonon MFP in the bulk state is 

also evaluated as lP@10 K in BULK=122 Å and lP@40 K in BULK=34 Å by Eq. (14). These values are 

reasonable since many more phonons exist in a hot system than in a cold system, so the 

phonon MFP is shorter in a hot system due to their frequent collisions, as described 

previously. 

  Figure 7 is the thermal conductivities at 10 K and 40 K calculated by using Eq. (14) and 

shows that the size effect on the thermal conductivity can be evaluated by using MD 

simulations. This obviously indicates that a cold system must be lengthy compared with a hot 

one in order to have the same thermal conductivity as the bulk state. 

  Figure 7 provides the opposite situation compared with Fig. 6 (a) and implies that a hot 

system must be longer than a cold system in order to have the bulk thermal conductivity. This 

discrepancy results from lP in Eq. (10) not including the size effect; thus, the fitting lines in 

Fig. 6 (a) are presented for the purpose of providing guides for the eye. 

 

IV. CONCLUSION 

 

  This study shows that the phonon mean free path (MFP) of a thin film can be calculated 

using MD simulations, which provide reasonable results with no contradiction with 

considerations based on phonon theory. However, we emphasize that the results of this study 

are only applicable for an electrical insulator because free electrons in a conductor, such as a 

metal play a major role in heat transfer. Nevertheless, we are certain that the method of this 

study provides a simple tool to evaluate the thermal conductivity of a microscale thin film, 

such as the substrate of a semiconductor. 
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FIG. 1. Lennard-Jones (L-J) potential with an intermolecular length. 

 

 

 

  FIG. 2. The simulation system with an adiabatic wall. The size of a system is the example 

of 18 x 18 molecules in the x-y plane and 30 layers in the z direction. The heat energy flows 

up (+z direction). 
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  FIG. 3. Simulation system for calculating the system pressure : (a) 10 K, (b) 40 K, and (c) 

60 K. The size of the system is 12 x 12 x 18, the boundary conditions of which are 

3-dimensional periodic boundary conditions. 

 

   

 

  Fig. 4. (a) Pressure as a function of the intermolecular length and (b) intermolecular length 

as a function of the dimensionless temperature for a free-standing state. 

 

 16



 

   

 

  Fig. 5. (a) Heat flux and (b) temperature profile obtained by using the velocity scaling 

method at Tave = 40 K for a system size of 68 Å x 59 Å x 55 Å. 

 

   

 

  Fig. 6. Dependences of the thermal conductivities on the system size : (a) log-log scale and 

(b) inverse scale. 
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FIG. 7. Variation of the thermal conductivity of solid argon films with the thickness. 
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